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The product of the gluon dressing function and the square of the ghost dressing function in the
Landau gauge can be regarded to represent, apart from the inverse power corrections 1/Q2n, a non-
perturbative generalization A(Q2) of the perturbative QCD running coupling a(Q2) (≡ αs(Q2)/pi).
Recent large volume lattice calculations for these dressing functions indicate that the coupling
defined in such a way goes to zero as A(Q2) ∼ Q2 when the squared momenta Q2 go to zero
(Q2  1 GeV2). In this work we construct such a QCD coupling A(Q2) which fulfills also various
other physically motivated conditions. At high momenta it becomes the underlying perturbative
coupling a(Q2) to a very high precision. And at intermediate low squared momenta Q2 ∼ 1 GeV2
it gives results consistent with the data of the semihadronic τ lepton decays as measured by OPAL
and ALEPH. The coupling is constructed in a dispersive way, resulting as a byproduct in the holo-
morphic behavior of A(Q2) in the complex Q2-plane which reflects the holomorphic behavior of the
spacelike QCD observables. Application of the Borel sum rules to τ -decay V +A spectral functions
allows us to obtain values for the gluon (dimension-4) condensate and the dimension-6 condensate,
which reproduce the measured OPAL and ALEPH data to a significantly better precision than the
perturbative MS coupling approach.
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I. INTRODUCTION
In QCD, the extension of the perturbative QCD (pQCD) to a low energy regime of squared momenta |Q2| .
1 GeV2 remains an open question.1 This problem is related with a host of other unsolved problems. The present
world average value for the pQCD coupling a(Q2) ≡ αs(Q2)/pi, namely a(M2Z ,MS) = (0.1185 ± 0.0006)/pi [1] or
a(M2Z ,MS) = (0.1181 ± 0.0011)/pi [2], appears to be, to a certain degree, in tension with the well measured low-
energy physics of τ lepton semihadronic decays which would require a higher value of the coupling in most cases
of analyses within the contour improved perturbation theory (CIPT) [3, 4]. In such evaluations, MS pQCD is
applied together with the Operator Product Expansion approach (OPE) in the form of QCD sum rules. Another
inconvenience of the pQCD coupling a(Q2) in widely used renormalization schemes, such as MS and similar schemes,
is that a(Q2) does not reflect the analyticity properties of spacelike observables D(Q2) in the complex Q2-plane,
required by the general principles of Quantum Field Theory [5, 6]. Namely, spacelike physical quantities, such as
current correlators and differential cross sections for deep inelastic lepton-hadron scattering (DIS), are required to
be holomorphic (analytic) functions in the complex Q2-plane, with the exception of a part of the negative semiaxis,
i.e., for Q2 ∈ C\(−∞,−M2thr], where Mthr ∼ 0.1 GeV is a threshold scale of the order of the light meson mass. For
example, MS pQCD coupling a(Q2; MS) has a cut stretching over the entire negative semiaxis plus a part of the
positive axis, (−∞,+Λ2Lan.) where Λ2Lan. ∼ 0.1 GeV2 is the Landau pole (or branching point). This nonholomorphic
behavior at low positive Q2, 0 < Q2 . 0.1 GeV2 is a drawback because it means that the infrared (IR) regime
|Q2| < 1 GeV2 cannot be described reliably by truncated perturbation series in pQCD in such schemes. However,
we wish to stress that the running coupling itself is, in general, not an observable.2 Therefore, a good holomorphic
behavior of a(Q2) is not a necessary requirement for the correct holomorphic nature of observables. But as long as
one believes that a perturbation expansion makes sense at all (at least for part of the observable), one would expect a
connection between the analyticity of a(Q2) and of the spacelike physical observables D(Q2). Such a connection can
be conveniently realized by replacing the pQCD coupling a(Q2) by a coupling A(Q2) which reflects qualitatively the
holomorphic behavior of spacelike physical observables.
1 We use here the usual convention, Q2 ≡ −q2 = −(q0)2 +~q2 where q is the 4-momentum of a physical process characterizing the running
coupling.
2 However, it could be defined to be equal to a specific physical observable [effective charge (ECH)] in the pQCD sense [7] and in a more
general nonperturbative sense [8] (cf. also Refs. [9–17] for general dispersive ECH approaches).
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2Within the present paper we aim at finding an effective running QCD coupling A(Q2) which, although not being
an effective charge, is an extension of the perturbative QCD coupling a(Q2) to the infrared (IR) regime |Q2| .
1 GeV2, accounting there for the recent lattice results and simultaneously avoiding the problems with unphysical
nonholomorphic behavior. A reasonable definition of such a coupling is A(Q2) = Alatt.(Q2) − ∆ANP(Q2), where
Alatt.(Q2) denotes the product of the gluon dressing function and the square of the ghost dressing function as obtained
in lattice calculations in the Landau gauge and in the lattice MiniMOM scheme [18] (cf. also [19, 20]), and −∆ANP(Q2)
represents subtraction of the main part of the nonperturbative (NP) contributions manifesting themselves at |Q2| >
Λ2QCD as ∼ (Λ2QCD/Q2)n (n ≥ 1) and not diverging at |Q2| < Λ2QCD. Recent lattice results for the dressing functions
indicate that the coupling Alatt.(Q2) defined in the mentioned way goes to zero, as ∼ Q2, in the deep IR regime
0 < Q2 < 0.1 GeV2. Assuming that no finetuning occurs when the mentioned nonperturbative contributions are
subtracted from the product of dressing functions, the resulting extended coupling A(Q2), in the mentioned MOM
scheme, is also going to zero as A(Q2) ∼ Q2 in the deep IR regime. Such a coupling is then respecting qualitatively
the lattice results for the low-momentum dressing functions in the deep IR, and in the ultraviolet (UV) regime
(|Q2|  Λ2QCD) it tends fast to the pQCD coupling a(Q2) in the same renormalization scheme, reproducing the high-
energy QCD phenomenology correctly. Such A(Q2) is constructed here within a dispersive approach, and it turns
out to be a holomorphic coupling reflecting the analytic behavior of spacelike observables. This property makes the
application of OPE and QCD sum rules a consistent approach, because the coupling A(Q2) and the analogs of the
truncated perturbation series [in terms of A(Q2)] for spacelike observables reflect correctly the holomorphic behavior
of those observables, in contrast to the case of QCD sum rules in MS pQCD. Further, this holomorphic property turns
out to solve the numerical problem of the renormalon-related asymptotic divergence of the truncated perturbation
series of physical quantities in pQCD [21, 22]. The coupling A(Q2) also has to reproduce correctly the well-measured
results of the τ -lepton semihadronic decays, which represents the physics of the moderate IR regime.
In this work we construct such a coupling A(Q2). It turns out that it is generically nonperturbative, i.e., it differs
from its underlying pQCD coupling by nonperturbative terms3 such as powers of 1/(Q2 +M2) where M2 . 1 GeV2.
In our previous, shorter, work [26] we presented a construction of such a coupling in a renormalization scheme
which agrees up to three-loops with the lattice MiniMOM scheme, and we applied the QCD Borel sum rules to the
semihadronic τ -decay data by fitting the theoretical results to the experimental results of the OPAL Collaboration.
Here we extend the work [26], by working in a renormalization scheme which agrees with the lattice MiniMOM scheme
up to four-loops,4 we include the experimental data of ALEPH Collaboration, and we investigate in the Borel sum
rule analysis of the OPAL Collaboration data also the quality of the results when the upper bound of integration
σmax is gradually reduced. We stress that for defining our coupling A(Q2) we use exclusively the lattice MiniMOM
(MM) scheme, in which the results of the lattice calculations for the dressing functions were obtained.5 The reason
for this is that we do not know in advance how the dressing functions, and our coupling A(Q2), change in the deep
IR regime when the renormalization scheme is changed. The changes of a running coupling induced by the changes
of the renormalization scheme in the UV (perturbative) regime are known [27]; these changes then affect the values
of the NP parameters of the coupling A(Q2) such as the effective gluon mass [28] or the values (normalization) of
A(Q2) at low Q2 [29], for example via a matching procedure.6
In Sec. II we present lattice results for the mentioned product of dressing functions, and give arguments why the
running coupling A(Q2) should have qualitatively the same behavior, even in the deep IR regime. In Sec. III we
describe the construction of the underlying pQCD coupling, and of its discontinuity function along the cut, in the
renormalization scheme which agrees up to four loops with the mentioned MOM scheme. In Sec. IV we then construct,
by dispersive approach, the coupling A(Q2) which fulfills a host of restrictions: it has the mentioned behavior in the
deep IR regime; it merges fast with the underlying pQCD coupling a(Q2) in the UV regime; and it reproduces the
correct decay ratio rτ ≈ 0.20 for the τ -lepton semihadronic strangeless decays. We require that the high-energy QCD
value of A(M2Z) = a(M2Z) (in MiniMOM) corresponds to the modern central world average values of the MS pQCD
coupling a(M2Z ,MS) = 0.1185/pi [1] or 0.1181/pi [2]. In Appendix A we summarize the transformation of perturbation
coefficients under the change of scheme, and in Appendix B we summarize the construction of An which are the
analogs of the higher powers an in the A-coupling framework. In Sec. V we apply Borel sum rules to the obtained
3 It is possible to show that pQCD renormalization schemes exist in which pQCD coupling a(Q2) is holomorphic for Q2 ∈ C\(−∞,−M2thr]
and at the same time reproduces the high-energy QCD phenomenology as well as the semihadronic τ -lepton decay physics [23–25].
4 MiniMOM scheme is known at present to four loops [18–20].
5 In this scheme, however, we rescale Q2 from the ΛMM to the usual ΛMS convention.
6 In Ref. [29], the matching of A(Q2) and dA(Q2)/d lnQ2 at an IR/UV transition scale Q20 ∼ 1 GeV2 is imposed, fixing the values of
A(0) > 0 and Q20. On the other hand, our coupling A(Q2) will be holomorphic, no explicit IR/UV matching scale will exist. Instead of
the matching, we will impose various physically motivated conditions which will affect simultaneously the behavior of A(Q2) in the UV
and IR regimes.
3coupling for the τ spectral functions, and thus extract the values of the gluon (dimension D = 4) condensate and D = 6
condensate by fitting the theoretical results to the experimental results of the OPAL and ALEPH Collaborations. We
also compare the extracted results with those obtained when MS pQCD coupling is used. In Appendix C we explain
the fitting procedures used. In Sec. VI we present some predictions of the A-coupling framework, and discuss several
aspects of the framework. In Appendix D we present the related “mass-modified” couplings. In Sec. VII we compare
the obtained coupling with the related coupling of Ref. [26], and compare the extracted values of the gluon condensate
with those in other works in the literature. In Sec. VIII we summarize our results.
The programs for calculation of the coupling A(Q2) and of its higher power analogs An(Q2), in Mathematica [30],
are available freely [31].
II. LATTICE COUPLING
In Ref. [32], lattice calculation of the Landau gauge gluon and ghost dressing functions, Zgl(Q
2) and Zgh(Q
2),
were performed with large physical volume and high statistics, giving presumably reliable results in the IR regime
0 < Q2 < 1 GeV2. On the other hand, in pQCD, a Slavnov-Taylor identity yields for the running coupling a(Q2)
the following combination of the gluon and ghost dressing functions Zgl and Zgh and the ghost-gluon vertex function
Z˜1(Q
2):
a(Q2) = a(Λ2)
Z
(Λ)
gl (Q
2)Z
(Λ)
gh (Q
2)2
Z˜
(Λ)
1 (Q
2)2
(1)
in any gauge. The scale Λ in the superscript indicates that the theory has UV cutoff squared scale Λ2 ( Q2).
However, in the Landau gauge, the ghost-gluon vertex function Z˜1(Q
2), with symmetric momentum points, is not
affected by renormalization to any loop order [33–36] (cf. also [37–39]). It is equal to one in the Landau gauge in
the MS scheme and in a MOM scheme called MiniMOM (MM) [18] (cf. also [19, 20]).7 Therefore, it appears natural
to extend the definition of the QCD running coupling to the following combination of the Landau gauge dressing
functions:
Alatt.(Q2) = Alatt.(Λ2)
Z
(Λ)
gl (Q
2)Z
(Λ)
gh (Q
2)2
Z˜
(Λ)
1 (Q
2)2
, (2)
where Z˜
(Λ)
1 (Q
2)2 = 1 (Landau gauge and MiniMOM scheme) and it is assumed that Λ is determined by the lattice
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FIG. 1: The Nf = 0 lattice values piAlatt.(Q2) at low Q2, from Ref. [32]: the points with calculational uncertainties included. The squared
momenta are rescaled, from the MiniMOM (MM) lattice scheme scale to the usual MS-like scale: Q2 = Q2latt.(ΛMS/ΛMM)
2 ≈ Q2latt./1.92
at Nf = 0. The solid curve is the (Nf = 3) theoretical coupling in the same IR regime (see later, Sec. IV).
7 Various QCD couplings coexist in MOM schemes, depending on which QCD vertex is considered [40]; they converge to each other at
high |Q2|, but may differ significantly in the IR regime. The coupling (1) corresponds to the coupling (g′′mom/2pi)2 of Ref. [40] in the
Landau gauge, but now with Z˜1 not renormalized by MOM but rather Z˜1 =Z˜1(MS) = Z˜1(MM) = 1.
4spacing. The results for the combination (2) in the low-Q2 regime, as obtained by the mentioned lattice Nf = 0
calculations [32], are presented as points in Fig. 1. One striking fact is that this lattice coupling results go to zero as
Alatt.(Q2) ∼ Q2 when Q2 → 0. Very similar results were obtained later by another group [41], also for Nf = 0, who
used different physical volumes and lattice spacings. The lattice results for Nf = 2 [42] and Nf = 2 + 1 + 1 [43] are
also available, they give for the values of the scale Q2max at which Alatt.(Q2) has maximum, Q2max ≈ (0.15±0.05) GeV2
[after rescaling from the MiniMOM scale convention (ΛMM) to ΛMS-scale convention, cf. Eq. (16) in Sec. III]. This is
similar to the Nf = 0 case where Q
2
max ≈ 0.135 GeV2 (cf. footnote 19 in Sec. IV). Further, the mentioned Nf = 2 and
Nf = 2+1+1 lattice results also indicate that Alatt.(Q2)→ 0 when Q2 → 0. So the two basic features of Alatt., which
we are going to take into account in the construction of our (Nf = 3) coupling A(Q2), hold for Nf = 0, 2 and 2+1+1.
Nonetheless, the statistics and the volume of the mentioned Nf = 2 and Nf = 2 + 1 + 1 lattice calculations [42, 43]
are lower than those of the Nf = 0 results [32, 41]. In the Nf = 2 and Nf = 2 + 1 + 1 cases [42, 43], only few lattice
results (points) for Alatt.(Q2) are available at Q2 < Q2max, and they do not reach very low scales Q2 < 0.01 GeV2,
in contrast to the Nf = 0 case [32, 41]. Therefore, in our comparisons of Alatt. and A, cf. Fig. 1 here and Fig. 4
in Sec. IV, we use the Nf = 0 lattice results of Ref. [32]. The actual values of the Landau gauge gluon and ghost
propagators [and thus of Alatt.(Q2) of Eq. (2)], though, do have nonnegligible dependence on Nf [44] (cf. also [45] for
a related study).
We should take into account that the lattice coupling (2), at |Q2| > Λ2QCD, differs from the perturbative coupling
by higher-dimension (higher-twist) terms of the form ∼ Λ2QCD/(Q2)n (n = 1, . . .; for |Q2|  Λ2QCD) [43], which are of
nonperturbative (NP) origin.8 To be in accordance with this fact, we take the following position. The major part of
the NP contributions can be separated in Alatt.(Q2) for all Q2 (not just for |Q2|  Λ2QCD) as an additive term
Alatt.(Q2) = A(Q2) + ∆ANP(Q2) . (3)
Here, ∆ANP(Q2) is the general NP contribution, which will be considered to be a correction to the basic A(Q2), the
latter being nearly perturbative at large |Q2|, in the sense that
A(Q2)− a(Q2) ∼
(
Λ2QCD
Q2
)Nmax
(|Q2| > Λ2QCD) , (4)
where a(Q2) is the underlying pQCD coupling, i.e., the pQCD coupling in the same renormalization scheme (Mini-
MOM) as A(Q2), and Nmax is a relatively large integer (in our case it will be Nmax = 5). The correction ∆ANP(Q2)
will be evidently very small in the UV regime, and this is supported by experimental evidence as pQCD has been
shown to describe well QCD phenomena at high |Q2|  Λ2QCD.9 Crucially, we will assume that the additive correction
∆ANP(Q2) cannot lead to finetuning in deep IR regime |Q2| . 0.1GeV2. In view of the lattice result Alatt.(Q2) ∼ Q2
when Q2 → 0, the mentioned assumption of no finetuning implies that in the deep IR regime we cannot have
|∆ANP(Q2)| > |Q2| when Q2 → 0. Stated otherwise, we will have simultaneously
∆ANP(Q2) ∼ Q2 and A(Q2) ∼ Q2 (Q2 → 0). (5)
The important consequence of the no-finetuning assumption is thus that the nearly perturbative A(Q2) coupling,
which we intend to construct here, has the behavior A(Q2) ∼ Q2 when Q2 → 0, qualitatively the same as Alatt.(Q2).
On the other hand, the authors of Refs. [46, 47] defined their (nearly perturbative) coupling A(Q2) in a way different
from Eqs. (2)-(5). Their definition involves a dynamical gluon mass M(Q2), and is multiplicative in nature instead
of additive [cf. Eq. (3)]
Alatt.(Q2) = A(Q2) Q
2
(Q2 +M(Q2)2)
, (6)
where Alatt.(Q2) is the product of the Landau gauge dressing functions, Eq. (2). These works employ a DSE approach,
using a combination of the pinch technique (PT) and the background field method (BFM). A comparatively large
8 NP terms are formally those which are functions F (a) of the pQCD coupling a(Q2) such that F (a) is a function nonanalytic in a = 0.
Since a function F (a) ∼ exp(−B/a) (with B a constant) is such a function, and the power terms Λ2QCD/(Q2)n can be represented
as exp(−B/a(Q2)) at large |Q2|  Λ2QCD [we note that there a(Q2) ∼ 1/ ln(Q2/Λ2QCD) is small], the contributions ∼ Λ2QCD/(Q2)n
(n = 1, . . .; for |Q2|  Λ2QCD) fall clearly into the category of such NP contributions.
9 Later we will see that the MiniMOM scheme, rescaled to ΛMS-scale convention, is in the perturbative regime not very far from the MS
renormalization scheme widely used in the high-|Q2| QCD, cf. Eqs. (12).
5positive value A(0) ≈ 1 is obtained, and the coupling A(Q2) is close to the Bjorken polarized sum rule effective charge
[47].
Due to the multiplicative nature of the relation (6), the additive finetuning is not evident in this form. Further, since
M(0) > 0, this definition implies a freezing of A(Q2) at a finite positive value in the deep IR regime, A(0) = a0 > 0,
this holding even when the decoupling solutions of the DSE approach were used for the dressing functions. There is
some ambiguity in the definition of the running dynamical mass of the gluon. The index Nmax in the relation (4)
depends in the case of such coupling on the behavior of M(Q2) in the UV regime. We will not follow this line of
reasoning here, but will adopt the reasoning leading to Eqs. (3)-(5).
When using the product of the dressing functions Eq. (2) and taking Alatt.(Q2) ∼ A(Q2), then the behavior
A(Q2) ∼ Q2 as Q2 → 0 is obtained with the decoupling solutions [48] for the gluon and ghost dressing functions in
the Dyson-Schwinger equations (DSE) approach, with the modified Gribov-Zwanziger approach [49], and with some
solutions of the functional renormalization group (FRG) approach [50]. On the other hand, when again using the
expression (2) and Alatt.(Q2) ∼ A(Q2), then the behavior of A(Q2) with A(0) > 0 is obtained with the scaling solution
[37] of the DSE approach, with the Gribov-Zwanziger approach [51], and with some solutions of the FRG approach
[50]. However, as seen earlier, this appears not to be consistent with the lattice results [32, 41, 43] A(0) = 0.
Further, in Ref. [52] the DSE approach for the four-gluon vertex in the Landau gauge and the MiniMOM scheme
(Z˜1 = 1) was applied, and it gave for the decoupling solution the value A(0) = 0, but for the scaling solution the
obtained value of A(0) was a small positive number; qualitatively the same conclusion was reached from the three-
gluon vertex. There could be uncontrolled approximations in lattice calculations; application of stochastic quantization
approach to DSE may indicate the possible existence of an appropriate boundary condition which would restrict the
lattice configurations in the Landau gauge so as to give possible scaling solutions to the gluon and ghost dressing
functions [53] and thus a positive value of A(0).
We recall that in our coupling A(Q2), Eqs. (3)-(5), we will take as input from the lattice coupling (2) only the
two main features of the latter: Alatt(Q2) ∼ Q2 → 0 when Q2 → 0, and that the coupling has its maximum at
Q2 ∼ 0.1 GeV2. One may ask whether these main qualitative features survive when the lattice coupling is calculated
in other gauges, not just the Landau gauge. Large volume lattice calculations of the coupling Eq. (2) in other gauges
have not been performed yet. Nonetheless, application of DSE-like methods in the Coulomb gauge shows, Ref. [54]
(see also [55]), that the decoupling solution exists also in this gauge, namely the solution which in the limit Q2 → 0
gives: Z
(Λ)
gl ∼ Q2 → 0, Z(Λ)gh ∼ const and Z˜(Λ)1 = const. This indicates that the lattice coupling (2) in the Coulomb
gauge probably also has the same mentioned qualitative features as in the Landau gauge. Furthermore, the author
of [55] argues that in general we should expect that the decoupled solutions of the DSE and DSE-like methods get
realized in true QCD, and that the scaling solutions are exceptional cases at certain critical values of parameters. In
this work, we will assume that the mentioned two main features of the lattice coupling are valid in any gauge.
We wish to stress that the condition (4) only means that the NP contributions in the coupling A(Q2) are very
suppressed in the UV regime |Q2| > 1 GeV2, but are expected to be significant in the regime |Q2| . 1 GeV2. Further,
we point out that the applications of our coupling A(Q2) will be made only in the intermediate and high-Q2 regime
(|Q2| & 1 GeV2), and will depend only indirectly on the vanishing of A(Q2) in the deep IR regime (via holomorphic
behavior, etc.). We do not claim the physical reality of the vanishing of the coupling, A(Q2) ∼ Q2 as Q2 → 0, and
the meaning of this behavior is at the moment not clear, as can be seen from parts of the discussion of this Section.
III. THE UNDERLYING PQCD COUPLING
The running coupling A(Q2) that we intend to construct coincides at high |Q2| with the usual perturbative coupling
a(Q2) in the same renormalization scheme. We will call this coupling a(Q2) the underlying pQCD coupling. In order
to be able to impose the “lattice condition” (5), i.e., A(Q2) ∼ Q2 when Q2 → 0 , we choose to work in the same
renormalization scheme in which the lattice coupling Alatt(Q2) was calculated, i.e., in the MiniMOM scheme [18–20]),
which is known analytically only perturbatively, up to four loops. The reason for this choice of scheme is that we do
not know in advance how the change of the renormalization scheme would affect the coupling A(Q2) in the deep IR
regime; we know how to calculate the effects of this change in the perturbative regime [27].10 Nonetheless, the change
of the (perturbative) renormalization scheme definitely influences the behavior of A(Q2) in the IR regime. Specifically,
it is expected that scheme changes affect in our coupling the values of the UV/IR transition scale (pQCD-onset scale
M20 , see later) and the NP parameters (such as M
2
j and Fj , see later). For similar effects of scheme changes, we refer
10 In principle, we could construct A in any other scheme, e.g., in MS scheme, but then it would not be clear how such a coupling compares
with Alatt of Ref. [32] in the deep IR regime. For an application and discussion of the MiniMOM scheme in pQCD, see Ref. [56].
6to Ref. [29] and footnote 6 in the present work. On the other hand, we will use the number of active quark flavors
to be Nf = 3 (the lattice results of Ref. [32, 41] are for Nf = 0). The variation of Nf does not seem to change
significantly the lattice results, not even the location of the maximum of A(Q2), cf. Refs. [42, 43] where the lattice
coupling was calculated for Nf = 4, 2, respectively, but with smaller lattice volumes.
Since the MiniMOM scheme is known perturbatively up to four loops [18], this means that in the corresponding
perturbative Renormalization Group Equation (pRGE)
da(Q2)
d lnQ2
= −β0a(Q2)2
[
1 + c1a(Q
2) + c2a(Q
2)2 + c3a(Q
2)3 + . . .
]
(7)
only the coefficients β0, c1, c2, c3 on the right-hand side are known. The first two coefficients, β0 = (1/4)(11− 2Nf/3)
and c1 ≡ β1/β0 = (1/4)(102− 38Nf/3)/(11− 2Nf/3), are universal in the class of mass independent schemes, while
cj ≡ βj/β0 (j ≥ 2) together with the scale parameter Λ characterize the renormalization scheme [27]. Hence, the
underlying MiniMOM coupling could be taken such as determined by an initial value and by the RGE-running with
a β-function being a polynomial truncated at the c3-term. This turns out to be impractical for numerical calculations
(using Mathematica [30]), because, as we will see, the coupling A(Q2) will be constructed dispersively and for that
we will need to have a high precision of the spectral (discontinuity) function ρ(pt)(σ) = Im a(Q2 = −σ − i) at large
positive σ. If using the running coupling a(Q2) determined by RGE-running (7) with the β-function truncated at four
loops (at the c3-term), such an RGE has no explicit solution in terms of known functions,
11 and the integration of
such an RGE would have to be performed numerically in the entire complex Q2-plane, leading to large uncertainties
near the cut region Q2 < 0 and thus to uncertain values of ρ(pt)(σ) = Im a(Q2 = −σ − i). Therefore, we will use for
our β-function a specific Pade´ form [58] whose expansion gives the known MiniMOM coefficients c2 and c3 and the
solution of the corresponding RGE is explicitly known, in terms of Lambert functions (the latter being well known
by Mathematica). The RGE is in this case
da(Q2)
d lnQ2
= β(a(Q2)) ≡ −β0a(Q2)2
[
1 + a0c1a(Q
2) + a1c
2
1a(Q
2)2
]
[1− a1c21a(Q2)2] [1 + (a0 − 1)c1a(Q2) + a1c21a(Q2)2]
, (8)
where
a0 = 1 +
√
c3/c31, a1 = c2/c
2
1 +
√
c3/c31. (9)
It is straightforward to check that the expansion of the β-function of the RGE (8) up to ∼ a(Q2)5 reproduces the
four-loop polynomial β-function on the right-hand side of RGE (7). The RGE (8) has explicit solution [58] in terms
of Lambert functions, namely
a(Q2) =
2
c1
[
−√ω2 − 1−W∓1(z) +
√
(
√
ω2 + 1 +W∓1(z))2 − 4(ω1 +√ω2)
]−1
, (10)
where ω1 = c2/c
2
1, ω2 = c3/c
3
1, Q
2 = |Q2| exp(iφ). Here, the upper index for the Lambert function W , i.e., W−1, is
used when 0 ≤ φ < pi, and the lower index W+1 when −pi ≤ φ < 0, and the argument z = z(Q2) in the Lambert
functions W±1(z) is
z ≡ z(Q2) = − 1
c1e
(
Λ2L
Q2
)β0/c1
, (11)
where ΛL(Nf ) we call the Lambert scale (ΛL ∼ ΛQCD). In Ref. [58] we used a slightly different expression for z,
namely without the factor 1/(c1e), which just redefines the Lambert scale ΛL. Here we decide to keep this convention
factor, i.e., Eq. (11), as it is kept also in the three-loop [57] and two-loop solutions [57, 59] involving the Lambert
functions. Further, there exists another solution [58] to the RGE (8), but it turns out to have the Landau branching
point of the cut, Q2br, at a higher positive value than the solution (10). We consider this to be an unattractive feature
and, therefore, we do not consider this other solution. We point out that the considered pQCD coupling (10) has a cut
along the semiaxis Q2 ≤ Q2br, and thus includes also a part of the positive axis 0 ≤ Q2 ≤ Q2br (where Q2br ∼ 1 GeV2).
This part of the cut is called the Landau (ghost) cut, since it does not reflect the analyticity properties of the spacelike
11 The same is true also for the three-loop version of the RGE (7), i.e., truncated at the c2-term, cf. Ref. [57].
7QCD observables as dictated by general principles of Quantum Field Theory [5, 6]. The result for the running coupling
given in Eq. (10) has been obtained in Ref. [58] by deforming a solution of the RGE of a particular form given in
Refs. [60] and [61], to a solution of the RGE of the form whose β-function gives, when expanded, the expansion (7)
with chosen coefficients cj (j ≤ 3). The RGE of Refs. [60] and [61] is called NSVZ β-function.12
The lattice MiniMOM (MM) scheme was determined to 4-loop in Refs. [18–20], where, for Nf = 3, the two cj
scheme parameters are
c2(MM, Nf = 3) = 9.2970, c3(MM, Nf = 3) = 71.4538 . (12)
This can be compared with the corresponding coefficients in MS, which are13 c2(MS, Nf = 3) = 4.4711 and
c3(MS, Nf = 3) = 20.9902.
In order to fix the only parameter left free in the explicit solution (10), namely the Lambert scale ΛL appearing
in Eq. (11), we proceed in the following way. Due to experimental uncertainty of the value a(M2Z ,MS) ≡ a(M2Z),
and because several of the results of our analysis depend crucially on the value of a(M2Z), we will consider in the
following the three values a(M2Z) = 0.1185/pi [1], 0.1181/pi [2] and 0.1189/pi, which has Nf = 5 in all cases.
14 We
RGE-evolve this value down into the Nf = 3 regime of positive Q
2, with four-loop MS beta function [64], and take
into account the corresponding three-loop quark threshold relations [65] at Q2thr. = (κmq)
2 (q = b, c) with κ = 2 and
with the MS quark masses mq ≡ mq(m2q) set equal to mb = 4.20 GeV and mc = 1.27 GeV. This then gives, at the
upper edge Q2c = (κmc)
2 (= 6.452 GeV2) of the Nf = 3 regime, in MS, the value a(Q
2
c , Nf = 3)(≡ ac) = 0.26588/pi
if a(M2Z) = 0.1185/pi, and accordingly in the other two cases, cf. Eqs. (14) below. The last step remaining is to
change this value ac from MS to MiniMOM scheme Eq. (8), but with the same scale scheme parameter ΛMS as used
in MS; we will call this scheme: Lambert-MiniMOM, shorthand LMM, to distinguish it from the lattice MiniMOM,
shorthand MM. This change is performed by solving numerically for ac ≡ a(Q2c ,LMM) the integrated form of RGE
in its subtracted form, cf. App. A of [27] and App. A of [66]
1
ac
+ c1 ln
(
c1ac
1+c1ac
)
+
∫ ac
0
dx
[
β(x) + β0x
2(1+c1x)
x2(1+c1x)β(x)
]
=
1
ac
+ c1 ln
(
c1ac
1+c1ac
)
+
∫ ac
0
dx
[
β(x) + β0x
2(1+c1x)
x2(1+c1x)β(x)
]
, (13)
where β(x) is the LMM beta function appearing in the RGE (8), and β(x) is the MS beta function, and ac ≡ a(Q2c ,MS)
(with Nf = 3).
This change of scheme gives the following results, at Q2c = (2mc)
2 − 0 (= 6.452 GeV2) of the Nf = 3 regime:
a(M2Z ,MS) =
0.1185
pi
⇒ a(Q2c ,MS) ≡ ac =
0.26588
pi
⇒ a(Q2c ,LMM) ≡ ac =
0.28209
pi
, (14a)
a(M2Z ,MS) =
0.1181
pi
⇒ a(Q2c ,MS) =
0.26375
pi
⇒ a(Q2c ,LMM) =
0.27946
pi
, (14b)
a(M2Z ,MS) =
0.1189
pi
⇒ a(Q2c ,MS) ≡ ac =
0.26805
pi
⇒ a(Q2c ,LMM) ≡ ac =
0.28476
pi
, (14c)
Using these results, and requiring that the solution (10) of the LMM scheme agree with these results, we can fix the
Lambert scale of Eq. (11), at Nf = 3
ΛL = 0.11564 GeV (pia(M
2
Z) = 0.1185) , (15a)
ΛL = 0.11360 GeV (pia(M
2
Z) = 0.1181) , (15b)
ΛL = 0.11771 GeV (pia(M
2
Z) = 0.1189) , (15c)
12 This NSVZ β-function is for bare coupling constant cases. For renormalized couplings the full scheme should be specified; for N = 1
supersymmetric QED see Refs. [62].
13 Expansion of the β-function (8) gives also an estimated value for the MiniMOM c4 coefficient, namely c4(MM, Nf = 3) = 201.84, to be
compared with the recently obtained MS value c4(MS, Nf = 3) = 56.588 [63].
14 We recall that the world average given by Particle Data Group in 2014 is a(M2Z) = (0.1185 ± 0.0006)/pi [1], and in 2016 is a(M2Z) =
(0.1181± 0.0011)/pi [2].
8When comparing with lattice results, we must take into account that the momentum scale parameter Λ is different
in the lattice MiniMOM (MM), [18]
ΛMM
ΛMS
= 1.8968 (for Nf = 0); 1.8171 (for Nf = 3); (16)
This demonstrates that the meaning of the momentum scales is different in the lattice MiniMOM (MM, using ΛMM)
and in the Lambert-MiniMOM (LMM, using ΛMS instead), respectively, although the same c2 and c3 scheme param-
eters are used. For example, the scale Q2 = 0.45 GeV2 in the lattice MM with Nf = 0 or Nf = 3 corresponds to the
scale Q2 = 0.45 × (ΛMS/ΛMM)2 ≈ 0.125 GeV2 in Nf = 0 LMM and to Q2 ≈ 0.136 GeV2 in Nf = 3 LMM scheme.
Due to this aspect, we will be able to apply the couplings a(Q2) and A(Q2) in the LMM scheme in general at lower
values of Q2 than in the MM scheme. Another important aspect which will allow us to use the coupling A(Q2) in
evaluations of physical quantities at lower positive Q2 values than usual will be the holomorphic behavior of A(Q2),
cf. the next Section.
If we repeat this calculation, but use instead the five-loop MS β-function [63] and the corresponding four-loop
quark thresholds [67] (i.e., the “5+4” approach), the resulting values do not change significantly enough for our
purposes and precisions. For example, in Eq. (14a) the value piac = 0.28209 was obtained by the “4+3” approach for
pia(M2Z) = 0.1185, and this same value piac is obtained in the “5+4” approach with only slightly different high-energy
initial value, n amely pia(M2Z) = 0.1186. Further, in this context we recall that MiniMOM scheme is known only to
four loops [18–20].
The pQCD running coupling (10)-(11), with the MiniMOM scheme parameters c2 and c3 Eqs. (12) and with the
momentum scale ΛL Eqs. (15), is thus in the scheme which agrees up to (known) four-loop level with the Lambert-
MiniMOM scheme. Moreover, the expression (10) involves the Lambert functions which are efficiently evaluated with
Mathematica [30], and this expression can be evaluated efficiently also along the cut axis of the pQCD coupling,
allowing for a fast and precise evaluation of the cut discontinuity function ρa(σ) ≡ Ima(Q2 = −σ − i), even at very
high values of σ. This will be of practical importance in the next Section where we will construct a holomorphic
coupling A(Q2) dispersively, using the discontinuity function ρa(σ).
We point out that in our previous work [26], the underlying coupling was constructed according to an analogous
but considerably simpler formula [57] involving Lambert functions, such that it reproduced the three-loop MiniMOM
scheme parameter c2, but not the four-loop MiniMOM parameter c3 Eq. (12).
IV. CONSTRUCTION OF THE COUPLING A(Q2)
The starting point in our construction of the coupling A(Q2) will be the requirement that, for consistency reasons,
the analytic properties of A(Q2) in the complex Q2-plane reflect the corresponding analytic properties of the spacelike
QCD physical quantities D(Q2) [5, 6], such as current correlators (Adler function), DIS differential cross sections, and
various amplitudes for physical processes. Stated otherwise, we will require that A(Q2) be an analytic function of Q2
for Q2 ∈ C\(−∞,−M2thr], where Mthr ∼ 0.1 GeV is a threshold scale. This implies that the only singularity structure
of A(Q2) is the cut along the negative semiaxis (−∞,−M2thr]. Using this property and the asymptotic freedom ofA(Q2), application of the Cauchy integral formula to the integrand A(Q′2)/(Q′2 −Q2) along the path in Fig. 2(b) in
the complex Q
′2-plane leads directly to the following dispersive relation:
A(Q2) = 1
pi
∫ ∞
σ=M2thr−η
dσρA(σ)
(σ +Q2)
(η → +0), (17)
where ρA(σ) ≡ ImA(−σ − iε) is the discontinuity function (spectral function) of A along the cut.
The idea for this approach goes back to the perturbation theory analytic in its “minimal” form, as described in
Refs. [68–70], where the authors used for ρA(σ) the pQCD spectral function ρa(σ) ≡ Ima(Q2 = −σ − i) and setting
M2thr = 0.
15 Many other models leading to holomorphic couplings have been constructed and applied since then,
among them those of Refs. [17, 29, 80–94]. Most of these couplings have finite values A(0) < ∞. The construction
of Refs. [94] gives a holomorphic coupling infinite at the origin A(0) = ∞. Some of the couplings constructed
15 This approach was called Analytic Perturbation Theory (APT). It was extended to any physical quantity in Ref. [71], and to analogs
of noninteger powers of the coupling [72] (Fractional Analytic Perturbation Theory - FAPT). We refer to Refs. [73–76] for reviews of
these approaches. In Refs. [77, 78] are given some of the applications of these works to (low-energy) QCD phenomenology of nucleon
structure function sum rules and of nucleon structure functions, respectively, and in Ref. [79] to the gluon propagator.
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FIG. 2: (a) The contour of integration for the integrand a(Q′2)/(Q′2 − Q2) leading to the dispersion relation (18) for a(Q2); (b) the
contour of integration for the integrand A(Q′2)/(Q′2−Q2) leading to the dispersion relation (17). The radius σ′ of the circular part tends
to infinity.
and motivated in this literature fulfill the condition A(0) = 0, namely Refs. [12, 82, 90]. The latter were obtained
independently of the lattice results [32, 41–43, 95] and of the Gribov-related and DSE approaches [48, 49, 95] which
also give A(0) = 0 if using the relation (2) and A ∼ Alatt. or analogous relations [95].
Reviews of a variety of such models can be found, cf. Refs. [96, 97]. Further, mathematical packages for numerical
evaluation of various holomorphic couplings and of their power analogs are available, Refs. [98, 99]. Most, but not
all, of the models use constructions with dispersion integrals (i.e., Cauchy integral formula) applied to the couplings,
automatically ensuring their holomorphic behavior. However, there exist also related dispersive approaches which are
applied directly to spacelike QCD quantities [9–17]. In the course of all such constructions, nonperturbative terms
are generated, either inside the couplings and/or in the physical quantities.
In our dispersive construction of the coupling A(Q2), Eq. (17), the dispersion relation for the underlying pQCD
coupling a(Q2), Eq. (10), will play an important role. This coupling a(Q2) has singularity structure in the complex Q2-
plane represented by a larger cut (−∞,+Q2br], which involves also the Landau (ghost) cut (0,+Q2br] (where 0 < Q2br ∼
1 GeV2). As mentioned, this Landau cut of pQCD coupling a(Q2) does not reflect the general properties of spacelike
physical QCD quantities, and prevents us from evaluating the coupling at low momenta 0 < Q2 < Q2br. Analogously
to the dispersive relation (17), the Cauchy integral formula applied in this case to the function a(Q′2)/(Q′2 − Q2)
gives the following dispersion integral:
a(Q2) =
1
pi
∫ ∞
σ=−Q2br−η
dσρa(σ)
(σ +Q2)
(η → +0), (18)
where ρa(σ) ≡ Ima(Q2 = −σ − i) is the discontinuity function of a along its cut. The contours of the Cauchy
theorems in the complex Q
′2-plane, leading to the relations (18) and (17) are presented in Figs. 2(a) and (b).
In the UV regime of large positive σ = −Q2, the discontinuity function ρA(σ) tends to the corresponding (underly-
ing) pQCD function ρa(σ) as dictated by the asymptotic freedom of QCD. Therefore, we will set equal ρA(σ) = ρa(σ)
for σ > M20 where M
2
0 ∼ 1-10 GeV2 is a “pQCD-onset” scale. On the other hand, in the IR regime, 0 < σ < M20 , the
spectral function ρA(σ) is a priori unknown, and contributes to the part ∆AIR(Q2) of A(Q2)
A(Q2) = 1
pi
∫ ∞
σ=M20
dσρa(σ)
(σ +Q2)
+ ∆AIR(Q2), (19a)
∆AIR(Q2) = 1
pi
∫ M20
σ=M2thr
dσρA(σ)
(σ +Q2)
(19b)
We will parametrize the (unknown) function ∆AIR(Q2) as a Pade´ of the type [M − 1/M ], i.e., as a ratio of a
polynomial in Q2 of power M − 1 divided by a polynomial of power M :
∆AIR(Q2) = [M − 1/M ](Q2) =
∑M−1
n=1 AnQ
2n∑M
n=1BnQ
2n
(20a)
=
M∑
j=1
Fj
Q2 +M2j
. (20b)
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In the second line, we rewrote the mentioned Pade´ as a sum of partial fractions, as can always be done, and we
assume M2j > 0 to maintain the holomorphic behavior of A(Q2). If the spectral function ρA(σ) were a nonnegative
function, the coupling ∆AIR(Q2) [and A(Q2)] would be a Stieltjes function. In such a case, a mathematical theorem
[100] guarantees that a sequence of Pade´’s [M − 1/M ](Q2) exists which converges to ∆AIR(Q2) when M → ∞, for
any Q2 ∈ C\(−∞,−M2thr] (cf. also [101]). In our case the spectral function is negative for some (low) σ values, as can
be concluded from the lattice results of Fig. 1. Namely, since A(Q2) is not monotonic at low positive Q2, the slope
dA(Q2)
d lnQ2
= −Q
2
pi
∫ ∞
σ=M2thr−η
dσρA(σ)
(σ +Q2)2
(21)
changes sign at low Q2 ∼ 0.1 GeV2, and therefore the spectral function ρA(σ) cannot be nonnegative at all σ.
Nonetheless, although in the considered case (where A and ∆AIR are not Stieltjes) no mathematical theorem is
known which would guarantee the convergence [M − 1/M ](Q2) → ∆AIR(Q2), we will assume that there is such a
convergence.16 In the sequence [M − 1/M ](Q2) → ∆AIR(Q2), we will make the approximation M = 3, i.e., we will
assume that ∆AIR(Q2) can be sufficiently well approximated by [2/3](Q2) Pade´ approximant. It is straightforward
to see that this implies for the spectral function ρA(σ) in the IR regime (0 < σ < M20 ) the following expression:
∆AIR(Q2) = [2/3](Q2) =
3∑
j=1
Fj
Q2 +M2j
(22a)
⇔ ρA(σ) = pi
3∑
j=1
Fj δ(σ −M2j ) (0 < σ < M20 ), (22b)
i.e., the spectral function in the IR regime is approximated (parametrized) by three delta functions. On physical
grounds, we expect the squared masses M2j to lie in the IR regime, i.e., 0 < M
2
j < M
2
0 (j = 1, 2, 3). The total
discontinuity function is then
ρA(σ) = pi
3∑
j=1
Fj δ(σ −M2j ) + Θ(σ −M20 )ρa(σ) , (23)
where Θ is the Heaviside step function.17 As a result, the considered coupling A(Q2) is parametrized as
A(Q2) =
3∑
j=1
Fj
(Q2 +M2j )
+
1
pi
∫ ∞
M20
dσ
ρa(σ)
(Q2 + σ)
. (24)
The coupling (24) has seven free parameters Fj , M2j (j = 1, 2, 3) and M20 . We will order the squared mass parameters
in the following way: 0 < M21 < M
2
2 < M
2
3 (< M
2
0 ). We recall that, since A(Q2) is not Stieltjes and ρa(σ) > 0, at
least one of the scale parameters Fj (j = 1, 2, 3) will be negative.
We note that the scale ΛL appearing in the pQCD spectral function ρa(σ) was fixed by the central value of the world
average αs(M
2
Z ; MS) ≡ pia(M2Z), Eqs. (15). We therefore need seven conditions to eliminate the free parameters. Four
of these conditions will come from the imposed requirement that the coupling A effectively merges with the pQCD
coupling at high momenta, namely the condition Eq. (4) with Nmax = 5,
A(Q2)− a(Q2) ∼
(
Λ2L
Q2
)5
(|Q2| > Λ2L) . (25)
16 As pointed out in the book [100], the mathematical theory of Pade´ approximants is still very incomplete. Note that in the mentioned
theorem, the Stieltjes nature is not a necessary condition for the convergence behavior (it is a sufficient condition). However, Pade´
approximants are in general regarded as efficient analytic continuations of a function f(z) into the complex z-plane when we have only
limited information available for f(z), such as the first few derivatives at a point z0, or the structure of poles and/or zeros of the
function, etc., cf. Ref.[100]. As a consequence, Pade´ approximants are widely used in natural sciences, including various areas of physics.
In QCD, in the limiting case M → ∞, successful Pade´ approximants exist for any range of Q2. An example for a Pade´ approximant
form [M − 1/M ](a(Q2)) is the expression for β(a(Q2))/a(Q2) in Eq. (8), with M = 4.
17 The parametrization of spectral functions in the unknown regime as a linear combination of delta functions has been used in the
literature, principally for spectral functions ImD(−σ− i) of spacelike QCD observables D(Q2) such as the current correlation functions
and the related Adler function, in the context of the large-Nc QCD approximation, cf. Refs. [13, 14, 101]. We assume that a different
ansatz, e.g., with finite width Breit-Wigner resonance forms, would in general give similar results for the coupling A(Q2).
11
This condition together with the use of the world average values αs(M
2
Z ; MS) ≈ 0.1185 [1] for fixing of the ΛL scale
in the underlying pQCD coupling a(Q2) [cf. Eqs. (14)-(15)] means that we assume that the mentioned world average
values can be extracted from the high-energy QCD phenomenology only, |Q2| > 1 GeV2. This may not be exactly
true, as the world average values were extracted, by application of pQCD(+OPE), from a large set of QCD processes,
some of them being low-energy processes (|Q2| ∼ 1GeV2) such as the semihadronic decays of the τ lepton.
If in Eq. (25) we increased the power index, i.e., Nmax > 5, the numerical results for A(Q2) would change insignif-
icantly: A would merge even slightly better with a in the UV regime, but the number of conditions and parameters
in A would increase. On the other hand, Nmax = 5 is sufficiently high for the application of OPE. Namely, in Sec. V
we apply sum rules with OPE up to terms ∼ (Λ2L/Q2)3, therefore the condition (25) is safely sufficient to ensure that
the OPE approach with A or with a gives in principle18 the same OPE terms for inclusive physical quantities.
The fifth condition will be Eq. (5), i.e., A(Q2) ∼ Q2 at Q2 → 0 as suggested by lattice results, Fig. 1.
Altogether, these five conditions can be written in a more explicit manner, by using the expressions (24) and (18)
for A and a and applying them for Q2 → 0 and for |Q2| > Λ2L
− 1
pi
∫ ∞
M20
dσ
ρa(σ)
σ
=
3∑
j=1
Fj
M2j
; (26a)
1
pi
∫ M20
−Q2br
dσσkρa(σ) =
3∑
j=1
FjM2kj (k = 0, 1, 2, 3) . (26b)
The first identity represents the condition A(Q2) ∼ Q2 when Q2 → 0. The second identity with k = 0 means that
A(Q2)− a(Q2) contains no term ∼ (Λ2L/Q2)1 (when |Q2| > Λ2L); etc.; with k = 3 means that A(Q2)− a(Q2) contains
no term ∼ (Λ2L/Q2)4. Thus, Eqs. (26b) mean that the relation (25) is fulfilled.
The sixth condition will be the requirement that A(Q2) for positive Q2 have its maximum at about the same
squared momentum Q2max as Alatt.(Q2), i.e., Q2max ≈ 0.135 GeV2, cf. Fig. 1.19 We recall that our A(Q2) is expected
to reproduce qualitatively the main features ofAlatt.(Q2) for low positive Q2, and in particular is expected to reproduce
also approximately the location of the local maximum.
The last, seventh, condition comes from requiring that the main features of the semihadronic τ -lepton decay
physics be reproduced. Stated otherwise, we will require that the approach with the coupling A(Q2) reproduce the
experimentally suggested value of the V+A semihadronic τ -decay ratio parameter r
(D=0)
τ ≈ 0.20 [102, 103] (cf. also
App. B of [24]). This is the QCD part of the V+A τ -decay ratio Rτ = Γ(τ
− → ντhadrons(γ))/Γ(τ− → ντe−ν¯e(γ)),
where the hadrons are strangeless (∆S = 0) and the quark mass effects and other higher-twist effects are subtracted,
i.e., it is the dimension D = 0 strangeless and massless part. It is canonical in the sense that its pQCD expansion
begins with r
(D=0)
τ,pt = a+O(a2). More explicitly, r(D=0)τ is defined by the relations
Rτ (∆S = 0) ≡ Γ(τ
− → ντhadrons(γ))
Γ(τ− → ντe−ν¯e(γ)) −Rτ (∆S 6= 0) , (27a)
Rτ (∆S = 0) = 3|Vud|2(1 + δEW) [1 + δ′EW + rτ + ∆rτ (mu,d 6= 0)] , (27b)
where δEW ≈ 1.0198 ± 0.0006 [102] and δ′EW = 0.0010 [104] are EW correction parameters, Vud is the CKM matrix
element, and ∆rτ (mu,d 6= 0) is the chirality-violating contribution. The quantity rτ stems from an OPE sum,
therefore: rτ =
∑
D≥0 r
(D)
τ . The here considered quantity r
(D=0)
τ is timelike, but it can be expressed theoretically, by
using the Cauchy integral formula, by means of a spacelike quantity called (leading-twist and massless) Adler function
d(Q2;D = 0) [3, 4, 105, 106]:
r
(D=0)
τ,th =
1
2pi
∫ +pi
−pi
dφ (1 + eiφ)3(1− eiφ) d(Q2 = m2τeiφ;D = 0) . (28)
The Adler function d(Q2;D = 0) is a derivative of the quark current correlator Π: d(Q2;D = 0) = −2pi2dΠ(Q2;D =
18 But not in practice, due to truncation of series and fitting.
19 We note that in MiniMOM (MM) scheme, Alatt.(Q2) has maximum value at about Q2 ≈ 0.45 GeV2, cf. [32] for Nf = 0 and [42] for
Nf = 2. We use the Lambert-MiniMOM scheme, i.e., MiniMOM by rescaling of Q
2 by a factor Λ2
MS
/Λ2MM, Eq. (16). Using for this factor
the Nf = 3 value 1/1.8171
2 (we work in Nf = 3 Lambert-MiniMOM), we obtain the estimate Q
2
max ≈ 0.45/1.81712 GeV2 ≈ 0.135 GeV2.
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TABLE I: The known perturbation coefficients dn of the Nf = 3 massless Adler function d(Q
2;D = 0) in the MS and in the
Lambert-MiniMOM (LMM) scheme. The transformation relations are given in Appendix A.
scheme d1 d2 d3
MS 1.63982 6.37101 49.0757
LMM 1.63982 1.54508 8.01658
0)/d lnQ2 − 1, in the massless limit. Its perturbation expansion is known up to ∼ a4 [107–109], cf. Table I
d(Q2;D = 0)pt = d(Q
2, µ2;D = 0)
[4]
pt +O(a5), (29a)
d(Q2, µ2 = κQ2;D = 0)
[4]
pt = a(κQ
2) +
3∑
n=1
dn(κ)a(κQ
2)n+1, (29b)
d(Q2;D = 0)
[4]
pt = a(Q
2) +
3∑
n=1
dna(Q
2)n+1. (29c)
The truncated perturbation series (TPS) Eq. (29b) is for a general renormalization scale (RScl) µ2 = κQ2 (0 < κ ∼ 1),
while Eq. (29c) represents the notation for the special choice µ2 = Q2 (κ = 1). The TPS (29b) has residual RScl-
dependence (i.e., κ-dependence) due to truncation. Since A(Q2) is not a pQCD coupling, the evaluation of the
truncated expansions (29b) [and thus of r
(D=0),[4]
τ,th Eq. (28)] with A-coupling should be performed with care, where
the analogs of the pQCD powers a(κQ2)n are specific functions An(κQ2) [ 6= A(κQ2)n]
d(Q2;D = 0)an = d(Q
2, µ2;D = 0)[4]an +O(A5), (30a)
d(Q2, µ2 = κQ2;D = 0)[4]an = A(κQ2) + d1(κ)A2(κQ2) + d2(κ)A3(κQ2) + d3(κ)A4(κQ2), (30b)
d(Q2;D = 0)[4]an = A(Q2) + d1A2(Q2) + d2A3(Q2) + d3A4(Q2). (30c)
The power analogs An(Q2) from A(Q2) were constructed in general holomorphic theories from A(Q2) in Ref. [84] for
integer n and in Ref. [110] for general real n. In Appendix B we present briefly the necessary formulas for obtaining
An (n = 2, 3, 4) from A, relevant in the case of the truncated series (30). It turns out that this truncated series (30b)
can be resummed, in an efficient way, by an approach using a generalization [21, 87, 111, 112] of the diagonal Pade´
approach ([M/M ], here M = 2) [113]. The generalization gives the result which is exactly independent of RScl (i.e.,
independent of κ) used in the original truncated series (30b) from which the resummation is constructed, while the
diagonal Pade´ gives a result which does depend on the original RScl (is independent of RScl only at one-loop level
precision, [113]). In the case of truncated series (30b), such resummed result can be written as
d(Q2;D = 0)[4]res = α˜1 A(κ1Q2) + (1− α˜1) A(κ2Q2) , (31)
where it can be shown that d(Q2;D = 0)res − d(Q2, µ2;D = 0)[4]an = O(A5). Here, α˜1, κ1, κ2 are in general complex
parameters, constructed directly from the perturbation expansion coefficients dj(κ) (j = 1, 2, 3) of the TPS (30b),
and turn out to be completely independent of the original RScl µ2 = κQ2 used. In the four-loop Nf = 3 Lambert-
MiniMOM scheme, cf. Eqs. (12), the values of these parameters are α˜1 = 0.5 − 0.93404i, κ1 = 0.96904 − 0.43577i,
κ2 = 0.96904 + 0.43577i. Formally, the expressions (31) and (30c) differ from each other by ∼ A5 (∼ a5), as they
should.20 The application of the methods (30c) and (31) give very similar results in the considered scheme, leading to
almost the same value for r
(D=0)
τ,(th) . We prefer to use the resummed expression (31), both for practical reasons [it takes
less time for computer evaluation than the truncated series (30c) or (30b)] and for theoretical reasons which will be
explained briefly in the next paragraph.
Namely, in Ref. [111] it was shown that the result (31), and its extension d
[2M ]
res to the case of 2M TPS terms, has
no dependence on the RScl, the property clearly shared by the true (unknown) result. In Ref. [112] the approach was
extended to truncated series with an uneven number of terms. The method originally did not work well, because it was
20 If the known TPS has 2M terms, d(Q2;D = 0)
[2M ]
pt , an analogous construction gives the resummed expression d(Q
2;D = 0)
[2M ]
res =∑M
j=1 α˜jA(κjQ2) where
∑M
j=1 α˜j = 1.
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TABLE II: The seven dimensionless parameters of the coupling A(Q2): sj ≡ M2j /Λ2 (j = 0, 1, 2, 3); fj ≡ Fj/Λ2 (j = 1, 2, 3),
for various representative cases: αs(M
2
Z ; MS) = 0.1185 with r
(D=0)
τ,th = 0.201 and 0.201± 0.002; αs(M2Z ; MS) = 0.1185± 0.004,
and with r
(D=0)
τ,th = 0.201 and 0.203. Included is the Lambert scale ΛL [cf. Eq. (15)], the location Q
2
max of the maximum of the
coupling, and the value of the coupling at its maximum. The case of αs(M
2
Z ; MS) = 0.1189 with r
(D=0)
τ,th = 0.201 has somewhat
different parameters [see the text around Eq. (33) for details].
αs(M
2
Z) s0 s1 s2 s3 f1 f2 f3 ΛL [GeV] r
(D=0)
τ,th Q
2
max [GeV
2] piA(Q2max)
0.1185 652. 3.97 18.495 474.20 −2.8603 11.801 5.2543 0.11564 0.2010 0.1348 0.9156
0.1185 692. 2.93 24.613 504.52 −1.5153 10.724 5.4432 0.11564 0.2030 0.1349 0.8600
0.1185 614. 7.00 10.661 445.40 −18.298 26.978 5.0727 0.11564 0.1990 0.1345 0.9816
0.1181 740. 2.40 31.205 540.88 −1.0025 10.526 5.6674 0.11360 0.2010 0.1343 0.8003
0.1181 788. 1.95 37.805 577.27 −0.6980 10.530 5.8878 0.11360 0.2030 0.1346 0.7573
0.1189 612 6.21 11.271 443.90 −11.791 20.458 5.0623 0.11771 0.2030 0.1346 0.9977
αs(M
2
Z) s0 s1 s2 f1 f
(1)
1 f
(2)
1 f2 ΛL [GeV] r
(D=0)
τ,th Q
2
max [GeV
2] piA(Q2max)
0.1189 577.1 11.217 417.29 8.4175 −20.192 −475.92 4.8891 0.11771 0.2010 0.1348 1.0567
used in pQCD (and in MS scheme) where the problem appeared with the evaluation of terms αs(κjQ
2) with |κj |  1,
due to vicinity of Landau singularities in such expressions and the consequent impossibility of a reliable evaluation.
In Refs. [21, 87] this method was brought back by applying it in QCD versions with holomorphic coupling, where it
turned out to work remarkably well, basically due to the absence of Landau singularities (cuts and poles). Further,
in Refs. [21, 22] it was demonstrated that, when the QCD coupling is holomorphic (for Q2 ∈ C\(−∞,−M2thr]) this
approach gives a convergent sequence when the number of terms in the perturbation series increases. This intriguing
property effectively eliminates the renormalon ambiguity problem in such (holomorphic) frameworks.21
For some other evaluations/resummations of the Adler function for complex Q2, in pQCD approaches, we refer to
Refs. [115, 116].
Taking into account the seven conditions, we obtain the results presented in Table II. They are given for three
different values αs(M
2
Z ; MS) = 0.1185 and 0.1185 ± 0.004 (cf. footnote 14) and for two different values of r(D=0)τ,th =
0.201, 0.203. In the case of αs(M
2
Z ; MS) = 0.1185 we included three cases, r
(D=0)
τ,th = 0.201 and 0.201± 0.002. We will
consider henceforth as the central case the first line in Table II, i.e., with αs(M
2
Z ; MS) = 0.1185 and r
(D=0)
τ,th = 0.201.
The seven scale parameters are written in dimensionless form
sj ≡
M2j
Λ2L
(j = 0, 1, 2, 3) , fk ≡ Fk
Λ2L
(k = 1, 2, 3) . (32)
In practice, the results of Table II were obtained by first expressing the five parameters sj (j = 2, 3) and fk (k = 1, 2, 3)
in terms of the parameters s0 and s1, using the five conditions (26). Then, the two remaining parameters s0 and s1
are varied so that the maximum of the resulting A(Q2) is reached at Q2max ≈ 0.135 GeV2 (as suggested by lattice
results Fig. 1) and the resulting quantity r
(D=0)
τ,th , Eq. (28), acquires the value 0.201 (or 0.203, or 0.199).
The values of r
(D=0)
τ,th given in Table II were obtained when applying the resummed expression (31) to d(Q
2;D = 0)
in Eq. (28). When applying, instead, the TPS approach (30c) [i.e., Eq. (30b) with κ = 1] to d(Q2;D = 0), the results
differ insignificantly, by 0.0001 or less, in all the cases of Table II. The obtained truncated series for r
(D=0)
τ,th has good
convergence. For example, in the first case of Table II, we have rτ,th(d
[4]
an) = 0.158 + 0.054 − 0.010 − 0.001 = 0.201.
We recall that all the evaluations in the A-coupling framework are performed in the Nf = 3 Lambert-MiniMOM
renormalization scheme, cf. Eq. (12) and the usual ΛMS-scaling.
21 For example, in the large-β0 approximation, the entire (asymptotically divergent) series of the Adler function d(Q2) is known. If
the truncated series are resummed by the mentioned approach d
[2M ]
res (Q
2), with any holomorphic QCD coupling, the resulting sequence
converges [21, 22] as the number of terms increases, it converges for any spacelike Q2, and it converges to the known large-β0 result [114].
The latter is an integral containing in the integrand the coupling A(tQ2) (0 ≤ t < +∞). This integral is well defined precisely because
the coupling is holomorphic (in MS pQCD it is ill-defined). The large-β0 perturbation coefficients contain the main information about
the renormalons of the observable d(Q2). Therefore, the mentioned resummation, with holomorphic coupling, effectively eliminates the
renormalon ambiguity problem.
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The last line in Table II, for αs(M
2
Z ; MS) = 0.1189 and r
(D=0)
τ,th = 0.201, is the case with the highest value of
piA(Q2max) ≈ 1.06. In this case, in order to obtain simultaneously the value r(D=0)τ,th = 0.201 (suggested by τ decay
physics) and Q2max ≈ 0.135 GeV2 (suggested by Alatt.), it turns out that two of the three delta functions, at low
σ, appear practically at the same place, and this limiting case (M22 → M21 ) can be equivalently described by a
combination of δ(σ −M21 ) and its first and second derivative. The same situation was encountered by us, already
for lower values of αs(M
2
Z ; MS), in the scheme which agrees with the Lambert-MiniMOM only to three loops, [26].
Specifically, in such a case we have
1
pi
ρA(σ) =
2∑
j=1
Fjδ(σ −M2j ) + F (1)1 δ′(σ −M21 ) + F (2)1 δ′′(σ −M21 ) + Θ(σ −M20 )ρa(σ). (33)
The new dimensionless parameters appearing for the last line in Table II are f
(1)
1 = F (1)1 /Λ4L and f (2)1 = F (2)1 /Λ6L.
For details on such form of ρA(σ) and the corresponding A(Q2), we refer to Ref. [26].
The obtained solutions of the coupling A(Q2) are holomorphic in the complex Q2-plane with the exception of
the points Q2 = −M21 ,−M22 ,−M23 and of the continuous cut (−M20 ,−∞). We can regard that the cut starts at
the point Q2 = −M21 , which is here approximated as the (closest to the origin) singularity point of A(Q2) in the
complex Q2-plane. This means that in the dispersion integral (17) the squared threshold mass is M2thr = M
2
1 , i.e.,
the threshold mass is Mthr = M1 = ΛL
√
s1. We note that this threshold mass, in all seven solutions in Table II,
lies in the interval mpi < Mthr. < 3mpi. This turns out to be close to the e
+e− → hadrons production threshold
2mpi, cf. Eq. (66) in Sec. VI and the related Appendix D. However, since our coupling A(Q2) is considered to be a
universal coupling, in that sense similar to the underlying pQCD coupling a(Q2) or MS pQCD coupling a(Q2; MS)
(but constructed to describe better the regime |Q2| ∼ 1 GeV2),22 it is not a physical observable, it has renormalization
scheme dependence, and it is not expected to have the cut coinciding with the cut of a specific physical observable.
The coupling A(Q2) has, however, the holomorphic properties in the complex Q2-plane qualitatively similar to those
of all spacelike QCD observables, in contrast to the (non)holomorphic properties of the usual pQCD couplings a(Q2)
(Landau singularities). We point out that the holomorphic behavior of the obtained A(Q2) is the consequence of the
fact that we obtained, from the mentioned seven conditions, solutions where all M2j parameters turned out to have
positive values, something that could not be predicted a priori.
The masses Mj = ΛL
√
sj , for the case of the first line of Table II, are 0.230 GeV, 0.497 GeV, and 2.518 GeV for
j = 1, 2, 3, respectively; and the pQCD-onset scale is M0 = 2.953 GeV. As mentioned, these masses do not have
any direct physical meaning, as the coupling A(Q2) is not an observable. They resulted from applying the coupling
A(Q2), with the [2/3](Q2) Pade´ ansatz for ∆AIR(Q2) in Eq. (19), to (five) physically-motivated conditions at high
and intermediate Q2, and to (two) lattice-motivated conditions at low Q2. Stated otherwise, a specific mathematical
ansatz for the unknown part of the coupling A(Q2), applied to the seven conditions, gave us these scales. One can
regard the resulting terms in the coupling, Fj/(Q2 +M2j ), as certain modified higher-twist terms. On the other hand,
the terms resembling the effects from the gluon bremsstrahlung are not present in the coupling.
Later in Sec. V and Sec. VI we will show that the coupling A in conjunction with OPE describes the physics in the
regime |Q2| ∼ 1 GeV2 better than the usual (MS) pQCD+OPE approach. In fact, this is the main purpose of the
construction of such a coupling A. The OPE method, unfortunately, cannot be used in the regime |Q2| < 1 GeV2
because the OPE there becomes strongly divergent. Further, the application of the A-coupling framework to the (soft
and collinear) gluon bremsstrahlung remains an outstanding problem to be addressed in a future; the Q2-dependence
in such processes is different from the simple inverse power terms.
In Fig. 3(a), we present, for the case of αs(M
2
Z ; MS) = 0.1185, the discontinuity function ρa(σ) = Im a(Q
2 = −σ−i)
for the underlying pQCD coupling in the Lambert-MiniMOM scheme, cf. Eqs. (8)-(12). We recall that this scheme
agrees up to (and including) the four-loop level with the lattice MiniMOM scheme of Ref. [32] (the MiniMOM scheme
is at present known only to four-loop level [18]), except for the scale convention which in the Lambert-MiniMOM
is the usual MS-type, cf. Eq. (16). The branching point of this a(Q2) is at Q2br ≈ 99.64 × Λ2L ≈ 1.3326 GeV2, i.e.,
σmin = −Q2br ≈ −1.3326 GeV2 is the minimal σ for which ρa(σ) is nonzero. In Fig. 3(b), on the other hand, we
present ρA(σ) = Im A(Q2 = −σ− i), Eq. (23), i.e., where there is no Landau cut (−Q2br < σ < 0) present any more,
and in the low-σ regime (0 < σ < M0) we find the described parametrization of ρA(σ) by three delta functions.
22 The term universal coupling is used here to mean a coupling that does not describe a specific observable as an effective charge (ECH),
neither in the perturbative sense [7] nor in the more general nonperturbative sense [8–17]. Nonetheless, the coupling is in a specific
MOM scheme called the MiniMOM (MM) [18], in which the renormalized gluon and ghost dressing functions Zgl(Q
2) and Zgh(Q
2) are
equal to one at a (large) renormalization scale Q2 = Λ2, and the ghost-gluon vertex function is Z˜1(MM) = Z˜1(MS) = 1. In MOM
schemes, such choices cannot be made simultaneously for all the dressing functions [40, 52].
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FIG. 3: (a) The spectral (discontinuity) function ρa(σ) = Im a(Q2 = −σ − i) for the underlying pQCD coupling in the four-loop
Lambert-MiniMOM scheme, and σ is on linear scale; (b) the spectral function ρA(σ) = Im A(Q2 = −σ− i) of the considered holomorphic
coupling A(Q2), where σ > 0 is on logarithmic scale. The δ-spike at M21 is in fact negative (cf. Table II), but is presented here in Fig. (b)
for simplicity as a positive spike.
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FIG. 4: (a) The constructed Nf = 3 coupling piA(Q2) at low positive Q2 for the case of αs(M2Z ; MS) = 0.1185 with r
(D=0)
τ,th = 0.201 and
0.201± 0.002. (b) The same, but now for the case of r(D=0)τ,th = 0.201 with αs(M2Z ; MS) = 0.1185 and 0.1185± 0.004; the highest solid line
corresponds to the value αs(M2Z ; MS) = 0.1189, the lowest to 0.1181. For comparison, the lattice Nf = 0 coupling piAlatt.(Q2) of Ref. [32]
is included (as points), in both Figures, with Q2 rescaled to the usual ΛMS scale convention.
In Fig. 4 we present the resulting coupling piA(Q2) at low positive Q2, for several mentioned cases. In general, we
can see that increasing the value of r
(D=0)
τ,th , Eq. (28), tends to decrease the bump of the curve around its maximum,
and the same effect occurs when αs(M
2
Z ; MS) decreases. We can further see that the running coupling piA(Q2) in
general agrees well with piAlatt.(Q2) at very low Q2 (Q . 0.01 GeV2), and is lower than the lattice coupling near
the maxima (Q2 ∼ 0.1 GeV2). We recall that we do not expect to have a good agreement between the theoretical
and lattice coupling at Q2 . 0.1 GeV2, but only a qualitative agreement, as argued earlier in Sec. II. At higher Q2
(Q2 > 1 GeV2), there is disagreement between piA(Q2) and piAlatt.(Q2). One reason for this is that the theoretical
curves have the number of active quark flavors Nf = 3 while the lattice results [32] are for Nf = 0. In fact, increasing
Nf in general decreases Alatt.(Q2), cf. Fig. 5 of Ref. [42]. However, the principal reason for the difference between
the theoretical and lattice A(Q2) for Q2 ∼ 100-101 GeV2 lies in the following: the lattice results here in Figs. 1 and
4, from Ref. [32], are close to the continuum limit only for the deep IR regime Q2 < 1 GeV2, but for higher Q2 these
results have so called hypercubic lattice artifacts [117], because the lattice is coarse (β = 5.7, lattice spacing a ≈ 0.17
fm). The authors of [32] concentrated on the deep IR regime, i.e., they had large lattice volume (L ∼ 10 fm), but not
small lattice spacing.
Further, in Fig. 5 the comparison of the coupling piA(Q2) with its underlying pQCD coupling pia(Q2) is presented at
positive Q2, for the case αs(M
2
Z ; MS) = 0.1185 and r
(D=0)
τ,th = 0.201. The two couplings merge fast for Q
2 > 4 GeV2, in
accordance with the condition (25) [i.e., Eqs. (26b)]. For further comparison, the corresponding MS pQCD coupling
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FIG. 5: The considered holomorphic coupling A at positive Q2 (solid curve) and its underlying pQCD coupling a (light dashed curve).
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Further, the usual MS coupling a (dotted curve) is included.
pia(Q2) is included in the Figure as well.
V. BOREL SUM RULES FOR SEMIHADRONIC τ DECAYS
For further application of the newly constructed coupling A(Q2), we will now consider sum rules for Borel trans-
forms in the semihadronic strangeless decays of τ -lepton. These sum rules involve OPE (for inclusive quantities).
Consequently we regard the considered coupling A(Q2) as universal, in a sense similar to regarding the pQCD cou-
pling (in any chosen scheme) as universal. The expectation values 〈OD〉 of the local operators appearing in OPE are
also considered to be universal. We are allowed to apply the OPE with A-coupling in a way analogous to the OPE
with pQCD a-coupling, because of the relation (25). The latter relation implies that we can include in OPE with
A-coupling unambiguously the terms of dimensionality D < 10.
The sum rules will be applied to the polarization (current correlation) function Π(Q2) of the strangeless vector (V)
and axial (A) currents which play a central role in the semihadronic strangeless decays of the τ lepton
ΠJ,µν(q) = i
∫
d4x eiq·x〈TJµ(x)Jν(0)†〉 = (qµqν − gµνq2)Π(1)J (Q2) + qµqνΠ(0)J (Q2) , (34)
where Q2 ≡ −q2, J = V,A, and the quark currents are Jµ = uγµd (when J=V), Jµ = uγµγ5d (when J=A). We refer
for more details to Refs. [118, 119]. We will apply sum rules to the total semihadronic decay width (V+A); hence the
polarization function is
ΠV+A(Q
2) = Π
(1)
V (Q
2) + Π
(1)
A (Q
2) + Π
(0)
A (Q
2) + Π
(0)
V (Q
2) , (35)
where we will neglect the last term Π
(0)
V (Q
2), because ImΠ
(0)
V (−σ − i) ∝ (md − mu)2. In the present analysis,
the corrections O(m2u,d) and O(m4u,d) are considered numerically negligible and are not included, cf. Refs. [120]
and [118, 119]. On the other hand, we will not neglect the numerically more important chirality-violating effects
proportional to (mu+md)〈q¯q〉 = −f2pim2pi/2 [cf. Eq. (45)]. The correlator ΠV+A(Q2) is a spacelike physical quantity (it
has RScl-dependence, which however disappears when applying derivative), and by the general principles of Quantum
Field Theories it is a holomorphic (analytic) function in the complex Q2-plane, for Q2 ∈ C\(−∞,−M2thr] where the
hadron production threshold mass is Mthr ∼ 0.1 GeV. This quantity is then multiplied by any function g(Q2) analytic
in the entire complex Q2-plane, and the Cauchy integral formula can be applied to the integral of g(Q2)ΠV+A(Q
2)
along the contour of Fig. 2(b), where the radius σmax of the circular path is in this case taken to be finite (σmax ≤ m2τ ).
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This leads to the following sum rule:∫ σmax
0
dσg(−σ)ωexp(σ) = −ipi
∮
|Q2|=σmax
dQ2g(Q2)ΠV+A,th(Q
2) , (36)
where ω(σ) is the spectral (discontinuity) function of ΠV+A(Q
2) along the cut
ω(σ) ≡ 2pi Im ΠV+A(Q2 = −σ − i) , (37)
The sum rule is then specified by the choice of g(Q2). The spectral functions ωV (σ) and ωA(σ) were measured in
semihadronic strangeless τ -lepton decays by the OPAL [121–123] and ALEPH Collaboration [102, 103, 125, 126]. The
resulting values for ω(σ) ≡ ωV+A(σ) are presented in Figs. 6(a), (b) of the OPAL and ALEPH, correspondingly. The
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FIG. 6: (a) The spectral function ωV+A(σ) ≡ ω(σ) es measured by OPAL Collaboration (left-hand figure) and by ALEPH Collaboration
(right-hand figure). The pion peak contribution 2pi2f2piδ(σ−m2pi) (where fpi = 0.1305 GeV) must be added to this, accounting for the pion
contribution.
integral on the right-hand side of the sum rule (36) is to be evaluated theoretically. Namely, the correlator function
can be evaluated by OPE
ΠV+A,th(Q
2) = − 1
2pi2
ln(Q2/µ2) + ΠV+A,th(Q
2;D=0) +
∑
n≥2
〈O2n〉V+A
(Q2)n
(
1 + Cna(Q2)
)
. (38)
Here, 〈O2n〉V+A are the vacuum expectation values (condensates) of local operators with dimension D = 2n ≥ 4
appearing in the OPE. The terms Cna(Q2) in the Wilson coefficients of the contributions of dimension D = 2n ≥ 4
turn out to be negligible. The term D = 2n = 2 is negligible because ΠV+A(Q
2) has practically no mu,d 6= 0 (mpi 6= 0)
effects as mentioned earlier.23 In our approach, we will use for the analytic function g(Q2) the exponential function
g(Q2) ≡ gM2(Q2) = 1
M2
exp(Q2/M2) , (39)
where M2 is a squared energy scale with complex values and Re(M2) > 0. For the choice (39), the sum rules are
called Borel sum rules, cf. Refs. [118, 119]. Usually the right-hand side of Eq. (36) is performed by integration by
parts. In the Borel case (39) this then leads to the following form of the sum rules:
1
M2
∫ σmax
0
dσ exp(−σ/M2)ωexp(σ) = − i
2pi
∫ pi
φ=−pi
dQ2
Q2
D(Q2) [exp(Q2/M2)− exp(−σmax/M2)] ∣∣Q2=σmax exp(iφ).(40)
The quantity D(Q2) is the full massless Adler function
D(Q2) ≡ −2pi2 dΠV+A,th(Q
2)
d lnQ2
= 1 + d(Q2;D = 0) + 2pi2
∑
n≥2
n〈O2n〉V+A
(Q2)n
. (41)
23 The correlator (38) is a spacelike quantity, as is the related Adler function D(Q2). Spacelike quantities do not have the OPE terms
∼ 1/(Q2)1/2, 1/(Q2)3/2, etc. For timelike physical quantities, on the other hand, such type of higher-twist terms do exist [127]. For
one of the earlier works on higher-twist operators we refer to [128].
18
In this expression, the OPE expansion (38) was used and the negligible Cn terms were not included. We will use the
real part of the Borel sum rule (40), and this has then the following form:
ReBexp(M
2) = ReBth(M
2) , (42)
where
Bexp(M
2) ≡
∫ σmax
0
dσ
M2
exp(−σ/M2)ωexp(σ)V+A , (43a)
Bth(M
2) ≡ (1− exp(−σmax/M2))+Bth(M2;D=0) + 2pi2∑
n≥2
〈O2n〉V+A
(n− 1)! (M2)n , (43b)
where the leading-twist contributions (D = 0) is
Bth(M
2;D=0) =
1
2pi
∫ pi
−pi
dφ d(Q2 =σmaxe
iφ;D = 0)
[
exp
(
σmaxe
iφ
M2
)
− exp
(
−σmax
M2
)]
. (44)
The total D(≡ 2n) = 2 contribution in the OPE (43b) is negligible, and we will include there the D = 4 and D = 6
terms.
The D = 4 term is of particular interest because the condensate 〈O4〉V+A contains the gluon condensate
〈(αs/pi)GaµνGµνa 〉 ≡ 〈aGG〉. Namely, the D = 4 term in OPE (43b) has two parts, one from the gluon conden-
sate, and the other from the main chirality-violating effects mpi 6= 0 (cf. [105])
〈O4〉V+A = 1
6
〈aGG〉+ 2(mu +md)〈q¯q〉 (45a)
=
1
6
〈aGG〉 − f2pim2pi =
1
6
〈aGG〉 − 3.31× 10−4 GeV4 , (45b)
where we denoted 〈q¯q〉 ≡ 〈u¯u〉 = 〈d¯d〉, and neglected corrections of relative order O(a). In Eq. (45b) we used the
PCAC relation [129] with the values fpi = 0.1305 GeV and mpi = 0.1396 GeV [2]. This means that the total gluon
condensate is determined by the total D = 4 condensate via the relation
〈aGG〉 = 6〈O4〉V+A + 6f2pim2pi ≈ 6〈O4〉V+A + 0.00199 GeV4 . (46)
The crucial part of the evaluation of the OPE (43b) is theD = 0 (leading-twist) massless Adler function d(Q2;D = 0)
appearing in Eqs. (41) and (44). This quantity will be evaluated with our considered holomorphic coupling A(Q2),
using either the truncated (TPS) form (30c), or the generalization of the diagonal Pade´ approach, i.e., the resummed
form (31). In Fig. 7 we present the Adler function d(Q2 = m2τe
iφ;D = 0) for these two approaches. In practice,
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FIG. 7: (a) The real part of the Adler function d(Q2 = m2τ e
iφ;D = 0) as a function of φ, calculated in the A-coupling framework
(AQCD), either in the resummed form (31) or in the TPS form (30c). Included is also the (TPS) evaluated form for pQCD, in the
Lambert-MiniMOM (LMM) scheme, and in MS scheme. The AQCD resummed and AQCD TPS curves practically overlap. (b) The same,
but for the negative of the imaginary part; again, the AQCD resummed and AQCD TPS curves practically overlap.
the presented results will be for the resummed approach (31), although the TPS approach (30c) gives similar results.
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Namely, the considered values of ReBth(M
2) differ in the two approaches by less than 4×10−3 in the case of σmax = m2τ
(relevant for OPAL), and by less than 3× 10−3 in the case of σmax = 2.80 GeV2 (relevant for ALEPH).
Contour integrals of the part d(Q2;D = 0) of the Adler function, but with polynomial in Q2 functions Wi(Q
2/σmax)
instead of the exponential function (39), were studied within pQCD in Refs. [116]. But we choose here the exponential
function, i.e., the Borel sum rule approach. This approach has two very attractive aspects [119]:
1. At low Borel scales M2 the Borel transform B(M2) probes the low-σ (IR) regime. On the other hand, the high-
σ (UV) contributions have larger experimental uncertainties δω(σ) and are suppressed in the Borel transform
(43a).
2. When M2 = |M2| exp(ipi/6), it is straightforward to see that the D = 6 term in ReBth(M2) is zero (and thus
only the D = 4 higher-twist term survives). Analogously, when M2 = |M2| exp(ipi/4), the corresponding D = 4
term is zero (and thus only the D = 6 higher-twist term survives). This helps us extract more easily the values
of the condensates 〈O4〉V+A and 〈O6〉V+A for M2 = |M2| exp(ipi/6), |M2| exp(ipi/4), respectively.
Hence, the value of the gluon condensate 〈aGG〉 = 6〈O4〉V+A + 0.00199 GeV4 will be determined by comparing
ReBth(M
2) with ReBexp(M
2) along the ray M2 = |M2| exp(ipi/6) in the complex M2-plane, through fitting in
an interval for |M2|. Analogously, the value of the condensate 〈O6〉V+A will be determined by choosing the ray
M2 = |M2| exp(ipi/4). After determining the values of both condensates, the theoretical Borel sum rule can be applied
along the positive semiaxis M2 > 0, where both condensates affect the result, and comparison with the experimental
values there will give us a verification of the quality of the obtained description. In practice, the quantity ReBth(M
2)
in the case of A-coupling approach will be evaluated according to Eqs. (43b)-(44) with d(Q2;D = 0) evalated in the
resummed form (31); the evaluation with d(Q2;D = 0) in the TPS form (30c) gives similar results.
A. Borel sum rules with OPAL data
We present in Figs. 8 the theoretical and OPAL experimental Borel transforms ReB(M2), for the maximal value
of the sum rule upper bound σmax = 3.136 GeV
2,24 along the rays Arg(M2) ≡ Ψ = pi/6 and pi/4, respectively, for the
case of the considered A(Q2), with the choice of the parameters as given in the first line of Table II, i.e., αs(M2Z ; MS) =
0.1185, s0 = 652, s1 = 3.97 [⇒ r(D=0)τ,th = 0.201]. The resulting values of the obtained condensates 〈aGG〉 and 〈O6〉V+A
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FIG. 8: Borel transforms ReB(M2) along the rays M2 = |M2| exp(iΨ) with Ψ = pi/6 (left-hand side) and Ψ = pi/4 (right-hand side),
as a function of |M2|. The grey band represents the experimental results. In both Figures the central experimental curve (grey line)
is almost identical with the theoretical curve (dashed line) of the holomorphic A-coupling approach (AQCD), with the fitted value
〈aGG〉 = −0.0068 GeV4 (left-hand side) and 〈O6〉V+A = +0.0013 GeV6 (right-hand side). The corresponding curve with zero values of
condensates is included (dot-dashed)for comparison. Further, the fitted theoretical curve of MS pQCD approach is included (dotted).
are also given, obtained by the least-square fitting of the theoretical curve with the central experimental curve. The
latter curve, and the experimental bands, are for the data obtained by the OPAL Collaboration [121–123]. The
24 The spectral function data of OPAL [123] have 98 bins of width ∆σ = 0.032 GeV2, and reach the maximal value σmax = 3.136 GeV2,
which is somewhat lower than m2τ ≈ 3.157 GeV2.
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experimental bands are obtained by taking into account the full covariance matrix of the OPAL spectral function
data. The χ2 values are calculated by dividing the considered |M2| interval [0.65, 1.50] GeV2 in n = 85 equidistant
intervals, and dividing the corresponding sum of 86 squared deviations by 85. We refer for details to Appendix
C, especially Eqs. (C8) and (C11) there. The described procedure then gives us the condensate values and the
corresponding χ2
〈O4〉V+A = (−0.00104± 0.00028) GeV4
⇒ 〈aGG〉 = (−0.0043± 0.0017) GeV4 (χ2 = 4.6× 10−8;χ2exp = 1.4× 10−4), (47a)
〈O6〉V+A = (+0.00124± 0.00033) GeV6 (χ2 = 1.2× 10−6;χ2exp = 2.0× 10−4). (47b)
The experimental uncertainties in the values of the condensates in Eqs. (47), due to the experimental (OPAL) bands
in Figs. 8, were estimated in the following way: the quantity χ2cov(Ψ) of Eq. (C10) in Appendix C was evaluated,
involving the 2×2 covariance matrix U(Ψ) of the Borel transforms ReB(|M2|eiΨ) with Ψ = pi/6, pi/4 respectively, and
with n = 1 (i.e., |M20 | = 0.65 GeV2 and |M21 | = 1.5 GeV2 points). The minimum of that quantity was searched and
obtained at a specific value of the corresponding condensate 〈O〉 (O = aGG, (O6)V+A), this value being close to the
central values in Eqs. (47). Then the corresponding condensate value was varied around that obtained value, in such
a way that χ2cov(Ψ) = χ
2
cov(Ψ)min + 1. This corresponds to the condensate value variations δ〈aGG〉 = ±0.0017 GeV4
and δ〈O6〉V+A = ±0.00033 GeV6, for Ψ = pi/6 and pi/4, respectively. These variations are then given in Eqs. (47).
For further details and comments on these aspects, we refer to Appendix C. In Figs. 8 we also included the MS pQCD
coupling approach, with the same value αs(M
2
Z ; MS) = 0.1185. This gave the following analogous results:
〈aGG〉MS = (+0.0050± 0.0017) GeV4 (χ2MS = 1.4× 10−5), (48a)
〈O6〉V+A,MS = (−0.00142± 0.00033) GeV6 (χ2MS = 3.8× 10−5). (48b)
For some OPE analyses of OPAL data with MS pQCD, see Refs. [121, 122, 124]. Comparing various χ2 values in
Eqs. (47)-(48), we can see that the quality of the fit with the considered A(Q2) coupling is considerably better than
in the MS pQCD approach. Further, in Eqs. (47) we included also the values of χ2exp, i.e., the corresponding variation
between the central experimental values and the upper (or lower) experimental bound values, cf. Eq. (C11). These
values are considerably higher than the χ2 values in both the A-coupling and MS pQCD approach.
In Fig. 9, the curves for ArgM2 = 0 are presented, with the corresponding central values of the condensates that
were obtained in Figs. 8. We note that the values of both condensates affect ReB(M2) for M2 = |M2| > 0. The
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FIG. 9: Analogous to Figs. 8, but now the Borel transforms B(M2) are for real M2 > 0, and the values of the condensates are those
determined in Figs. 8. Again, the theoretical curve with A-coupling (AQCD) almost agrees with the central experimental curve.
obtained χ2 values in the case Ψ ≡ ArgM2 = 0, and with the mentioned obtained condensate central values, are:
Ψ = 0, OPAL : χ2 = 2.8× 10−6, χ2
MS
= 2.8× 10−5, χ2exp = 1.2× 10−4. (49)
The obtained χ2 is again very small (∼ 10−6), as reflected in Fig. 9, which represents a good cross-check of consistency
of the considered approach with A(Q2) coupling.
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Another verification of consistency is to check whether the theoretical value r
(D=0)
τ,th = 0.201 of the quantity (28)
is consistent with the corresponding experimental value. If we apply the same type of sum rule approach, but now
with the weight function g(Q2) = 2(1 + Q2/m2τ )
2(1 − 2Q2/m2τ ), then the right-hand side of the sum rule (36), i.e.,
the theoretical value, is the expression r
(D=0)
τ,th Eq. (28), and the left-hand side (the experimental value) is
rτ (∆S = 0;mu,d = 0)exp = 2
∫ m2τ
0
dσ
m2τ
(
1− σ
m2τ
)2(
1 + 2
σ
m2τ
)
ωexp(σ)− 1 ≈ 0.198± 0.006 , (50a)
⇒ r(D=0)τ,exp = 2
∫ m2τ
0
dσ
m2τ
(
1− σ
m2τ
)2(
1 + 2
σ
m2τ
)
ωexp(σ)− 1 + 12pi2 〈O6〉V+A
m6τ
(50b)
≈ (0.198± 0.006) + 0.005 = 0.203± 0.006 . (50c)
We note that there is no D = 4 condensate contribution to rτ , in view to our approximation of constant Wilson
coefficients in the OPE of D(Q2): (1 + Cna) 7→ 1, cf. Eqs. (38) and (41). Therefore, in Eq. (50b) for the D = 0
part, there is only subtraction of the D = 6 contribution. As always, the pion peak term 2pi2f2piδ(σ − m2pi) (where
fpi = 0.1305 GeV) is included in ωexp(σ); this accounts for the pion contribution, but nonetheless does not include in
rτ,exp the main part of the mass effects mpi 6= 0, i.e., ∆rτ (mu,d 6= 0); this is then consistent with the nonpresence of
the mass effects mu,d 6= 0 in the theoretical expression (28) for rτ and r(D=0)τ . 25
Further, (1.198± 0.006) is the value of the above integral over σ, and 0.005 represents the subtraction of the D = 6
term with 〈O6〉V+A = +0.0013 GeV6, cf. Eq. (47b). The obtained experimental value 0.203 ± 0.006 is consistent
with the theoretical result 0.201 that we started with. We recall that this latter value was obtained by evaluating
the Adler function d(Q2;D = 0) in Eq. (28) for r
(D=0)
τ,th by the resummed approach (31), r
(D=0)
τ,th (d
[4]
res) = 0.201. The
TPS approach (30c) [i.e., Eq. (30b) with κ = 1] for d(Q2, D = 0) gave via Eq. (28) practically the same value
r
(D=0)
τ,th (d
[4]
an) = 0.158 + 0.054− 0.010− 0.001 = 0.201.
In the MS pQCD case, this type of consistency is lost: in this case 〈O6〉V+A = −0.0014 GeV6 and thus r(D=0)τ,exp,MS =
(0.198±0.006)−0.005 = 0.193±0.006, which is different by about two standard deviations from the theoretical value
(28) in the MS approach, r
(D=0)
τ,th (d
[4]
pt,MS
) = 0.182. We point out that the Adler function d(Q2;D = 0) in MS pQCD
approach is evaluated as TPS, leading via Eq. (28) to: rτ,th(d
[4]
pt,MS
)(D=0)(TPS) = 0.138+0.026+0.010+0.007 = 0.182.
In Eq. (50a), σmax = m
2
τ ≈ 3.157 GeV2. However, OPAL data for ωexp(σ) have σmax = 3.136 GeV2, somewhat
lower. Nonetheless, the interval between these two values contributes to the integral (50a) only ∼ 10−6, which is
entirely negligible. In the Borel sum rules, this effect was not negligible and we had to evaluate the Borel transforms
with σmax = 3.136 GeV
2.
It may seem, at first sight, that the quantity r
(D=0)
τ,th , Eq. (28), is the theoretical prediction for the quantity whose
experimental value is given in Eqs. (50b)-(50c). This is really so in the MS pQCD+OPE approach, where the only
adjustable parameter is αs(M
2
Z ; MS), and the condensate values (including 〈O6〉V+A) are obtained by the described
sum rule approach. On the other hand, in the considered AQCD+OPE approach, the value of r(D=0)τ,th is not a
prediction, but an adjustable input parameter which then represents one of the seven conditions fixing the seven
parameters of the A-coupling, cf. Sec. IV. In fact, the (adjusted) value of r(D=0)τ,th was the only input parameter for
the construction of A coming from the τ -decay physics, or equivalently, from a QCD correlation function.
B. Borel sum rules with ALEPH data
We performed the same type of analysis also with ALEPH data [102, 103, 125, 126]. To extract ωexp(σ) (V+A
channel) from ALEPH data [126], cf. the right-hand Fig. 6, we applied the procedure as described in Ref. [131]
25 The leading chirality-violating effects in rτ can be shown to be
∆rτ (∆S = 0,mu,d 6= 0) = 2
∫ m2τ
0
(dσ/m2τ )(1− σ/m2τ )2ω(0)(σ), (51)
where ω(0)(σ) = 2piImΠ
(0)
V+A(−σ − i) ≈ 2piImΠ
(0)
A (−σ − i) ≈ 2pi2f2pi(δ(σ − m2pi) − δ(σ)), which gives ∆rτ (∆S = 0,mu,d 6= 0) ≈
−8pi2f2pim2pi/m4τ ≈ −0.003; cf. [105, 130].
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(Sec. III there), using the updated values [131] for the parameters Be = 0.17827, Vud = 0.97425, SEW = 1.0201,
mpi = 139.57018 MeV, fpi =
√
2× 92.21 MeV. We further applied a rescaling factor 0.9987 to the extracted spectral
functions, as explained in Ref. [131], principally due to the updated value of fpi obtained from piµ2 decays. For the τ
lepton mass we used (throughout) the updated value mτ = 1.77686 GeV [2]. Further, it turned out that χ
2 is quite
large if we took into account the largest ALEPH bins (with σ > 2.80 GeV2). In Fig. 6, the right-hand figure, we can
see that the uncertainties for ωexp(σ) in such bins are quite large, and that these bins are quite wide.
26 Therefore,
we decided to eliminate these wide bins with large uncertainties, and considered only the 77 ALEPH bins, reaching
σmax = 2.80 GeV
2. This choice then favorably affects the sum rules (40) and (50a), significantly decreasing the
experimental uncertainties of these quantities.
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FIG. 10: As Figs. 8, but using the ALEPH data as described in the text.
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FIG. 11: As Fig. 9, but using the ALEPH data and the corresponding condensate values obtained in Figs. 10, as described in the text.
In analogy with the OPAL case, Figs. 8-9, we present the analysis with the aforedescribed procedure with the ALEPH
data in Fig. 10-11. The theoretical A(Q2) is the same as in the OPAL case: s0 = 652., s1 = 3.97, αs(M2Z ; MS) = 0.1185
[⇒ r(D=0)τ,th (σmax = m2τ ) = 0.201]. In this case, the fitting procedure for the condensates in the Borel transforms gives
〈aGG〉(ALEPH) = (−0.0049± 0.0007) GeV4 (χ2 = 1.3× 10−5;χ2exp = 1.4× 10−5), (52a)
〈O6〉V+A(ALEPH) = (+0.00146± 0.00014) GeV6 (χ2 = 3.5× 10−5;χ2exp = 2.0× 10−5), (52b)
26 This last aspect is not shared by the OPAL data, where all the bins are narrow, and thus the large uncertainties in the last few bins do
not affect much the obtained values Bexp(M2) and r
(D=0)
τ .
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whereas the MS pQCD coupling approach, with the same value αs(M
2
Z ; MS) = 0.1185, would give
〈aGG〉MS(ALEPH) = (+0.0045± 0.0007) GeV4 (χ2MS = 5.2× 10−5), (53a)
〈O6〉V+A,MS(ALEPH) = (−0.00120± 0.00014) GeV6 (χ2MS = 1.2× 10−4). (53b)
For some other recent OPE analyses of ALEPH data with MS pQCD, see Refs. [125, 131–134]. The experimental
uncertainties in the values of the condensates in Eqs. (52)-(53) were estimated in the same way as in the case of OPAL
data, Eqs. (47)-(48). For details on the estimates of these uncertainties, we refer to Appendix C. The resulting χ2
values in the case Ψ ≡ ArgM2 = 0, with ALEPH data and the above condensate central values, are:
Ψ = 0, ALEPH : χ2 = 2.3× 10−5, χ2
MS
= 2.3× 10−5, χ2exp = 1.2× 10−5. (54)
In comparison with the results obtained from the OPAL data, Eqs. (47)-(49), we see that in the ALEPH case the
extracted values of the condensates are very similar. However, the experimental χ2exp are in ALEPH case much
smaller, by about one order of magnitude (this to a large extent because we chose σmax = 2.80 GeV
2 < m2τ in the
ALEPH case). The other difference is that the fit quality in the ALEPH case (χ2, χ2
MS
) is also worse than in the
OPAL by about one order of magnitude. As a consequence, the theoretical χ2 (i.e., with A-coupling approach) and
the experimental χ2exp are comparable in the ALEPH case, while in the OPAL case χ
2 is much smaller than χ2exp (by
about two orders of magnitude). In both cases (OPAL and ALEPH), the A-coupling approach is consistently better
than the MS pQCD approach, i.e., χ2 < χ2
MS
.
An additional cross-check as in Eq. (50) can be performed also in the present (ALEPH) case. However, since we
used σmax = 2.80 GeV
2 for the ALEPH experimental input, the quantities to compare are those of Eq. (28) but with
radius of contour integration σmax = 2.80 GeV
2, and Eq. (50) with ALEPH value of ωexp(σ) and upper bound of
integration σmax = 2.80 GeV
2. The corresponding results are
r
(D=0)
τ,th (σmax = 2.80 GeV
2) ≡ 1
2pi
∫ +pi
−pi
dφ (1 + eiφ)3(1− eiφ) d(Q2 = σmaxeiφ;D = 0) = 0.216. (55)
r(D=0)τ,exp (σmax = 2.80 GeV
2) = 2
∫ σmax
0
dσ
σmax
(
1− σ
σmax
)2(
1 + 2
σ
σmax
)
ωexp(σ)− 1 + 12pi2 〈O6〉V+A
σ3max
(56a)
≈ (0.206± 0.003) + 0.008 = 0.214± 0.003 . (56b)
In Eq. (56b), the contribution 0.008 stems from the subtraction of the D = 6 contribution with 〈O6〉V+A =
0.0015 GeV6 [cf. Eq. (52b)]. Comparing the results in Eqs. (55) and (56b), we can see that they are consistent
with each other.
In MS case, for σmax = 2.80 GeV
2, the corresponding results are r
(D=0)
τ,th,MS
(σmax = 2.80 GeV
2) = 0.191 and
r
(D=0)
τ,exp,MS
(σmax = 2.80 GeV
2) = (0.206± 0.003)− 0.006 = 0.200± 0.003, which are not consistent with each other.
C. Varying parameters of the coupling and of sum rules
In the analyses of the sum rules so far, we have used the input parameters of the first line of Table II, i.e., when
αs(M
2
Z ; MS) = 0.1185 and r
(D=0)
τ,th = 0.201. Below in Tables III and IV we present the results of the Borel sum rules
for all seven choices of the input parameters of the A-coupling (cf. Table II), and for the MS pQCD approach, for the
OPAL and ALEPH data, respectively. We use the notations of the previous two Subsections. The obtained values
of the condensates from OPAL with the AQCD+OPE approach, Table III, can be summarized in the following way:
〈O4〉V+A(OPAL) = −0.00104−0.00050+0.00054(δαs)+0.00007−0.00005(δrτ )± 0.00028(exp) [GeV4]
⇒ 〈aGG〉(OPAL) = −0.0043−0.0029+0.0033(δαs)+0.0005−0.0003(δrτ )± 0.0017(exp) [GeV4], (57a)
〈O6〉V+A(OPAL) = +0.00124+0.00008−0.00012(δαs)+0.00015−0.00016(δrτ )± 0.00033(exp) [GeV6]. (57b)
Here, the central value refers to the central case αs(M
2
Z ; MS) = 0.1185 and r
(D=0)
τ,th = 0.201 (the first line of Table
II); the first variation corresponds to the values of αs(M
2
Z ; MS) = 0.1185 ± 0.0004 [and r(D=0)τ,th = 0.201]; the second
variation corresponds to the values r
(D=0)
τ,th = 0.201 ± 0.002 [and αs(M2Z ; MS) = 0.1185]; the third uncertainty is due
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TABLE III: The central values of the D = 4, 6 condensates and of the corresponding χ2 (Ψ = pi/6, pi/4), for the seven cases
of AQCD of Table II, and for the corresponding cases of MS pQCD. Included are the resulting values of χ2 for Ψ = 0, as well
as r
(D=0)
τ,exp , as extracted from OPAL data, with σmax = m
2
τ . For comparison of the χ
2-values, the OPAL values for Ψ = pi/6,
pi/4, 0 are: χ2exp = 1.4 × 10−4, 2.0 × 10−4 and 1.2 × 10−4, respectively. The experimental uncertainties due to the (OPAL)
experimental bands are always the same, 103 × δ〈aGG〉 = ±1.71 GeV4 and 103 × δ〈O6〉V+A = ±0.33 GeV6.
method αs(M
2
Z) r
(D=0)
τ,th 10
3 × 〈aGG〉[GeV4] (χ2) 103 × 〈O6〉V+A[GeV6] (χ2) Ψ = 0 : χ2 r(D=0)τ,exp
AQCD 0.1185 0.201 −4.26 (4.6× 10−8) +1.24 (1.2× 10−6) 2.8× 10−6 0.203± 0.006
AQCD 0.1185 0.203 −3.82 (3.5× 10−7) +1.39 (3.6× 10−8) 5.6× 10−6 0.203± 0.006
AQCD 0.1185 0.199 −4.56 (6.1× 10−7) +1.08 (4.1× 10−6) 1.1× 10−6 0.202± 0.006
MSpQCD 0.1185 0.182 +5.00 (1.4× 10−5) −1.42 (3.8× 10−5) 2.8× 10−5 0.193± 0.006
AQCD 0.1181 0.201 −1.03 (4.4× 10−8) +1.12 (8.5× 10−7) 3.6× 10−6 0.202± 0.006
AQCD 0.1181 0.203 −0.31 (5.7× 10−7) +1.22 (9.2× 10−8) 6.5× 10−6 0.203± 0.006
MSpQCD 0.1181 0.179 +6.94 (2.1× 10−5) −1.65 (5.6× 10−5) 3.7× 10−5 0.192± 0.006
AQCD 0.1189 0.201 −7.24 (3.2× 10−8) +1.32 (1.2× 10−6) 2.0× 10−6 0.203± 0.006
AQCD 0.1189 0.203 −6.98 (2.9× 10−7) +1.48 (5.7× 10−8) 4.6× 10−6 0.204± 0.006
MSpQCD 0.1189 0.184 +3.01 (7.8× 10−6) −1.18 (2.3× 10−5) 2.0× 10−5 0.194± 0.006
TABLE IV: As Table III, but for ALEPH data and with σmax = 2.80 GeV
2. The last two columns compare the experimental
and theoretical values of r
(D=0)
τ (σmax). For comparison of the χ
2-values, the ALEPH values for Ψ = pi/6, pi/4, 0 (with
σmax = 2.80 GeV
2) are: χ2exp = 1.4× 10−5, 2.0× 10−5 and 1.2× 10−5, respectively.
method αs(M
2
Z) r
(D=0)
τ,th 10
3 × 〈aGG〉[GeV4] (χ2) 103 × 〈O6〉V+A[GeV6] (χ2) Ψ = 0 : χ2 r(D=0)τ (σmax)exp r(D=0)τ (σmax)th
AQCD 0.1185 0.201 −4.89 (1.3× 10−5) +1.46 (3.5× 10−5) 2.2× 10−5 0.214± 0.003 0.216
AQCD 0.1185 0.203 −4.45 (8.7× 10−6) +1.61 (2.5× 10−5) 2.6× 10−5 0.215± 0.003 0.218
AQCD 0.1185 0.199 −5.19 (1.8× 10−5) +1.30 (4.7× 10−5) 1.9× 10−5 0.214± 0.003 0.214
MSpQCD 0.1185 0.182 +4.45 (5.2× 10−5) −1.20 (1.2× 10−4) 2.4× 10−5 0.200± 0.003 0.191
AQCD 0.1181 0.201 −1.68 (1.2× 10−5) +1.34 (3.3× 10−5) 2.4× 10−5 0.214± 0.003 0.216
AQCD 0.1181 0.203 −0.96 (7.7× 10−6) +1.44 (2.2× 10−5) 2.7× 10−5 0.214± 0.003 0.218
MSpQCD 0.1181 0.179 +6.39 (6.6× 10−5) −1.43 (1.5× 10−4) 3.2× 10−5 0.199± 0.003 0.188
AQCD 0.1189 0.201 −7.86 (1.3× 10−5) +1.54 (3.5× 10−5) 2.0× 10−5 0.215± 0.003 0.216
AQCD 0.1189 0.203 −7.61 (9.1× 10−6) +1.71 (2.6× 10−5) 2.4× 10−5 0.21x± 0.003 0.218
MSpQCD 0.1189 0.184 +2.47 (3.9× 10−5) −0.97 (9.1× 10−5) 1.7× 10−5 0.201± 0.003 0.193
to the experimental (OPAL) bands in Figs. 8. For example, the central value in the case of αs(M
2
Z ; MS) = 0.1181
and r
(D=0)
τ,th = 0.201 is 〈aGG〉 = −0.0010 GeV4; in the case of αs(M2Z ; MS) = 0.1185 and r(D=0)τ,th = 0.203 is 〈aGG〉 =
−0.0038 GeV4.
The corresponding values for the MS pQCD+OPE approach are (cf. Table III)
〈O4〉V+A(OPAL; MS) = +0.00050∓ 0.00033(δαs)± 0.00028(exp) [GeV4]
⇒ 〈aGG〉(OPAL; MS) = +0.0050−0.0020+0.0019(δαs)± 0.0017(exp) [GeV4], (58a)
〈O6〉V+A(OPAL; MS) = −0.00142+0.00024−0.00023(δαs)± 0.00033(exp) [GeV6]. (58b)
In this case, there is no dependence on the value of r
(D=0)
τ,th because this value is in the MS pQCD+OPE approach
not an input parameter but a result of the approach once the value of αs(M
2
Z ; MS) has been fixed. In this case, there
is a clear tension between the values of r
(D=0)
τ,th and r
(D=0)
τ,exp (the difference being about two standard deviations), in
contrast to the AQCD+OPE approach, cf. Table III columns 3 and 7.
The corresponding results with the ALEPH data (and σmax = 2.80 GeV
2) are
〈O4〉V+A(ALEPH) = −0.00115−0.00049+0.00054(δαs)+0.00008−0.00005(δrτ )± 0.00012(exp) [GeV4]
⇒ 〈aGG〉(ALEPH) = −0.0049−0.0030+0.0032(δαs)+0.0004−0.0003(δrτ )± 0.0007(exp) [GeV4], (59a)
〈O6〉V+A(ALEPH) = +0.00146+0.00008−0.00012(δαs)+0.00015−0.00016(δrτ )± 0.00014(exp) [GeV6]. (59b)
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〈O4〉V+A(ALEPH; MS) = +0.00041−0.00033+0.00032(δαs)± 0.00012(exp) [GeV4]
⇒ 〈aGG〉(ALEPH; MS) = +0.0045−0.0020+0.0019(δαs)± 0.0007(exp) [GeV4], (60a)
〈O6〉V+A(ALEPH; MS) = −0.00120± 0.00023(δαs)± 0.00014(exp) [GeV6]. (60b)
Inspection of Tables III and IV shows that, in the AQCD+OPE approach, the values of χ2 for the Borel sum rule
predictions at Ψ = 0 in the case of OPAL data are by one order of magnitude smaller (better) than those of the
MS pQCD+OPE approach, and comparable with each other in the case of ALEPH data. The quality of fits (in the
Ψ = pi/6 and pi/4 Borel sum rules) is considerably better in the AQCD+OPE case, for OPAL as well as for ALEPH
data. Further, the quality of fits (when Ψ = pi/6, pi/4) and of predictions (when ψ = 0) is comparably good in all
seven cases of AQCD, either for OPAL data, or for ALEPH data.
From Tables III and IV and Eqs. (57)-(60) we can also see that the value of the gluon condensate 〈aGG〉 in the
A-coupling framework depends strongly on the value of αs(M2Z); these results indicate that for low values αs(M2Z) .
0.1180 we get 〈aGG〉 & 0. We recall that according to Particle Data Group 2016 [2], the world average value is
αs(M
2
Z) = 0.1181 ± 0.0011. In the case of OPAL data with AQCD+OPE, the best results (the smallest χ2 at
Ψ = pi/6 and Ψ = 0) are obtained for r
(D=0)
τ,th = 0.201 (for all choices of αs), and in the case of ALEPH data the
quality is comparable in all cases of AQCD+OPE.
VI. SOME PREDICTIONS USING AQCD, AND DISCUSSIONS
In the previous Section we extracted the values of the condensates 〈On〉V+A (n = 4, 6) from OPAL and ALEPH
data, by using the Borel sum rules along specific rays Ψ ≡ arg(M2) = pi/6 and pi/4, respectively. Strictly speaking,
these are not predictions but rather extracted values of some OPE parameters for the considered AQCD framework.
On the other hand, the quality of the Borel transforms for Ψ = 0 (with the obtained values of the two condensates),
as compared to the corresponding experimental bands, is the quality of predictions of the considered AQCD+OPE
approach, cf. Figs. 9, 11. While this quality is equally good in the AQCD and MS pQCD approaches for ALEPH
data [cf. Fig 11 and Table IV (6th column)], it is considerably better in the AQCD than the MS pQCD approach for
OPAL data [cf. Fig 9 and Table III (6th column)]. Concerning the quality of the fits for rays Ψ = pi/6 and pi/4, it
is considerably better in the AQCD than the MS pQCD approach, for both OPAL and ALEPH data, cf. Figs. 8, 10,
and Tables III and IV (χ2 in the 4th and 5th columns).
We notice that in the Borel sum rules we used σmax = 3.136 GeV
2 in the OPAL case, and σmax = 2.80 GeV
2 in the
ALEPH case. One may ask what is the quality of the fits for Borel sum rules when we decrease the value of σmax while
keeping the obtained original values of the condensates. We wish to point out that the quality of such fits represents
predictions of the considered approach, because the condensate values were extracted with different sum rules, i.e.,
with a significantly higher σmax (3.136 and 2.80 GeV
2, for OPAL and ALEPH, respectively). In Table V we present
the resulting quality parameters χ2, for the A-coupling and MS pQCD approach for OPAL Borel sum rules, in the
case of αs(M
2
Z ; MS) = 0.1185 and r
(D=0)
τ,th = 0.201 (i.e., the first line of Table II), for five different values of σmax,
keeping the values of the condensates, 〈aGG〉 = −0.00426 GeV4 and 〈O6〉V+A = +0.00124 GeV6 as obtained from
the fit with the maximal possible value σmax = 3.136 GeV
2, cf. the first line of Table III. For the MS pQCD approach,
we use the corresponding condensate values 〈aGG〉MS = +0.00500 GeV4 and 〈O6〉V+A,MS = −0.00142 GeV6 obtained
analogously, cf. the fourth line of Table III. We recall that, in practice, all these χ2 values were calculated as sums of
the squares of the corresponding deviations from the central experimental (OPAL) values, for 86 equidistant points
in the considered |M2| intervals 0.65 GeV2 ≤ |M2| ≤ 1.50 GeV2, and dividing by n = 85, cf. Eq. (C8) in Appendix
C.
Inspection of Table V shows that the fit with the A-coupling approach (AQCD+OPE) keeps a remarkable level
of quality when the upper bound of the considered energy interval of experimental data is decreased. The quality
starts deteriorating only when σmax < 1 GeV
2. In the MS pQCD approach the quality deteriorates continuously and
significantly when σmax decreases; the latter behavior is a manifestation of the quark-hadron duality violation [131–
134] in the MS pQCD approach. For visualization, we present in Figs. 12 and 13 the curves of the Borel transforms
for Ψ = pi/6, pi/4 and Ψ = 0. They are as Figs. 8 and 9 but now for the significantly lower value σmax = 0.832 GeV
2.
We cannot decrease σmax in the Borel sum rules below that value, because then the experimental spectral function
ω(σ) becomes dominated by the ρ-resonance, cf. Fig. 6. In this context, we point out that, since AQCD practically
agrees with its underlying pQCD version at high momenta and energies, in this regime it accounts for the quark-
hadron duality equally well as pQCD. On the other hand, Table V and Figs. 12-13 indicate that it accounts for the
quark-hadron duality better than pQCD even at lower momenta and energies, |Q2| ≈ 1 GeV2.
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TABLE V: Values of χ2 for Borel sum rules with OPAL data, for different number of bins Nbins (and thus different σmax),
and for different angles Ψ (≡ Arg(M2))= pi/6, pi/4, 0. The χ2 values are for the A-coupling approach, MS pQCD approach,
and (OPAL) experimental values. The input values are αs(M
2
Z ; MS) = 0.1185 (relevant for AQCD and MS pQCD) and
r
(D=0)
τ,th = 0.201 (relevant for AQCD). The values of condensates are 〈aGG〉 = −0.00426 GeV4 and 〈O6〉V+A = +0.00124 GeV6
for AQCD, and 〈aGG〉MS = +0.00500 GeV4 and 〈O6〉V+A,MS = −0.00142 GeV6 for MS pQCD approach, as obtained by fitting
the Borel sum rules at the highest value σmax = 3.136 GeV
2, cf. the first and the fourth lines of Table III.
Nbins σmax[GeV
2] χ2Ψ=pi/6 χ
2
Ψ=pi/6,MS
χ2Ψ=pi/6,exp χ
2
Ψ=pi/4 χ
2
Ψ=pi/4,MS
χ2Ψ=pi/4,exp χ
2
Ψ=0 χ
2
Ψ=0,MS
χ2Ψ=0,exp
98 3.136 4.6 · 10−8 1.4 · 10−5 1.4 · 10−4 1.2 · 10−6 3.8 · 10−5 2.0 · 10−4 2.8 · 10−6 2.8 · 10−5 1.2 · 10−4
70 2.240 8.0 · 10−7 2.9 · 10−5 4.5 · 10−5 3.6 · 10−6 6.4 · 10−5 6.1 · 10−5 2.5 · 10−6 4.6 · 10−5 3.7 · 10−5
50 1.600 2.0 · 10−6 6.7 · 10−5 4.5 · 10−5 5.6 · 10−6 1.3 · 10−4 5.4 · 10−5 2.3 · 10−6 9.0 · 10−5 3.9 · 10−5
30 0.960 2.0 · 10−5 8.0 · 10−5 3.7 · 10−5 3.2 · 10−5 1.4 · 10−4 4.2 · 10−5 2.3 · 10−5 1.2 · 10−4 3.4 · 10−5
26 0.832 3.1 · 10−5 4.2 · 10−4 3.0 · 10−5 3.3 · 10−5 6.0 · 10−4 3.3 · 10−5 1.8 · 10−5 4.7 · 10−4 2.8 · 10−5
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FIG. 12: As Figs. 8, with the same condensate values as there, but now for σmax = 0.832 GeV2. The AQCD curve (dashed) is at the
lower edge of the experimental band.
We present here predictions of the considered approach for yet another physical quantity, the V-channel Adler
function DV (Q2) which is closely related with R(σ), the production ratio for e+e− → hadrons at the center-of-mass
squared energy σ. Namely, the V-channel Adler function is
DV (Q2) ≡ −4pi2 dΠV (Q
2)
d lnQ2
= 1 + d(Q2;D = 0) + 2pi2
∑
n≥2
n2〈O2n〉V
(Q2)n
, (61)
where we use the conventional notation 〈O2n〉V+A = 〈O2n〉V + 〈O2n〉A, and the D = 0 massless term d(Q2;D = 0) is
the same as in the V+A channel case considered earlier (that case was related with the semihadronic τ decay physics).
The theoretical connection with the production ratio for e+e− → hadrons, R(σ), is the following:
DV (Q2) = Q2
∫ ∞
0
R(σ)
(σ +Q2)2
dσ. (62)
We note that DV is normalized so that DV → 1 when |Q2| → ∞. The experimental value of this function is then
obtained in the following way:
DV,exp(Q2) = Q2
∫ σ0
m2
Rdata(σ)
(σ +Q2)2
dσ +Q2
∫ ∞
σ0
Rpert(σ)
(σ +Q2)2
dσ, (63)
where m2 = (2mpi)
2 (mpi = 0.13957 GeV) is the kinematical production threshold, and σ0 is a sufficiently high squared
energy where pQCD approach is good. The quantity DV,exp(Q2) in this convention and for Q2 > 0 was obtained and
presented in Refs. [15, 17].27
27 Cf. Refs. [135] when a different normalization convention is used.
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FIG. 13: Analogous to Figs. 9, with the same condensate values as there, but now for σmax = 0.832 GeV2. The AQCD curve (dashed)
is at the lower edge of the experimental band.
Concerning the theoretical expression for DV Eq. (61), it turns out that we can obtain, or estimate, the values of
the V-channel condensates appearing there from the values of the V+A channel condensates obtained in the previous
Section. In the approximations applied in the Borel sum rules of the previous Section, we have for the D = 4
condensates [105, 106]
2〈O4〉V = 2〈O4〉A = 〈O4〉V+A . (64)
Furthermore, using the factorization hypothesis [119], we obtain the relation
〈O6〉V ≈ −7
4
〈O6〉V+A, (65)
where we refer for details to Refs. [26, 119]. The factorization hypothesis is expected to have a relative error of
about 1/N2c ≈ 10%. Using the relations (64)-(65) and the values of the V+A condensates obtained in the previous
Section, we can evaluate the theoretical value of the V-channel Adler function DV (Q2) Eq. (61) and compare it with
the experimental value (63). In Fig. 14 we present this comparison in an interval of positive Q2. The V+A channel
condensate values, taken from the previous Section, were those extracted from OPAL data, cf. Eqs. (57)-(58). The
results are presented for the cases of αs(M
2
Z) = 0.1185 and αs(M
2
Z) = 0.1185± 0.004. In the AQCD+OPE approach,
the cases with r
(D=0)
τ,th = 0.201 were taken. The D = 0 part of the Adler function was calculated by the resummation
method (31), but the truncated version (30c) gives practically the same results.
We can theoretically evaluate the V-channel Adler function also in a different way, namely by incorporating the
additional low-energy nonperturbative contributions not as (D = 4, 6) OPE terms but by accounting for the kinemat-
ical threshold σ ≥ m2 in R(σ), Eq. (63), where m = 2mpi− [15–17]. We refer to those references and to Appendix D
for details. Namely, due to that kinematical threshold, the function D(Q2) obtains the following “massive” form in
AQCD (or in fact, in any analytic QCD):
DV (Q2)mAQCD = D(0)(Q2)m + Q
2
(Q2 +m2)
1
pi
∫ +∞
m2
dσ
(
1− m
2
σ
)
ρd(σ)
(σ +Q2)
, (66)
where ρd(σ) ≡ Im d(−σ − i;D = 0) is the spectral function of the D = 0 Adler function d(Q2;D = 0) of Eqs. (30c)
and (31) for AQCD. We used the truncated version (30c), but the resummed version (31) gives practically the same
results. The term D(0)(Q2)m is the leading order term with the massive kinematic threshold (mLO), given in Eq. (D6)
in Appendix D.
We present the results of this approach in Fig. 15. In all cases, the A couplings used are such that r(D=0)τ,th = 0.201.
The additional dotted curve (mLO+mAPT, i.e., massive APT, or DPT, [17]) is for the case when the spectral
function ρd(σ) is that of the pQCD expression Eq. (29c), ρd(σ) = ρ
(pt)
d (σ) = Im d(−σ − i;D = 0)[4]pt , in the same 4-
loop Lambert-MiniMOM scheme and for αs(M
2
Z) = 0.1185. We can see that the three solid curves (mLO+mAQCD),
for massive AQCD Eq. (66) with αs(M2Z) = 0.1185, 0.1185± 0.004, are either within the experimental band or follow
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FIG. 14: The V-channel Adler function at Q2 > 0 (Q ≡
√
Q2): the grey band (online: brown band) are the experimental values, [17]
(Fig. 1.7 there), cf. also Refs. [15]. The solid lines are the theoretical curves for αs(M2Z) = 0.1181 (upper), 0.1185 (middle), 0.1189 (lower
curve) in the AQCD+OPE approach, and the dash-dotted lines are in the MS pQCD+OPE approach. The dashed line is the leading
twist (LT) contribution in AQCD, and the dotted line in MS pQCD, for αs(M2Z) = 0.1185. The D = 4 and D = 6 terms (higher-twist)
are with the corresponding values of the condensates as explained in the text. Nf = 3 is used throughout.
it reasonably closely. When massive kinematic threshold condition is entirely lifted (m2 7→ 0), the theoretical curve
becomes the dot-dashed curve (1+AQCD), indicating that the massive kinematic threshold is an important ingredient
at very low Q2 < 1 GeV2.
We wish to point out that the kinematic threshold σ = m2 with m = 2mpi, in the massive approach Eq. (66), is
an additional external input, its value being specific for the specific process (e+e− → hadrons), i.e., the threshold
parameter m2 is process dependent. It does not affect, in principle, the coupling A(Q2) which is considered universal.
On the other hand, the approach AQCD+OPE for the same quantity DV (Q2), Eq. (61), does not require any process
dependent parameter. However, this approach has a more limited application regime (|Q2| & 1 GeV2), as can be
seen also by comparing Figs. 14 and 15. This limitation comes from the divergent nature of the OPE series (61) at
|Q2| < 1 GeV2. Nonetheless, as seen in Fig. 14, the AQCD+OPE approach starts failing at about Q2 ≈ 1 GeV2, while
the MS pQCD+OPE starts failing already at Q2 ≈ 2.5 GeV2 (Q ≈ 1.6 GeV). We point out that the incorporation of
the lattice-motivated behavior for A(Q2) at |Q2| . 0.1 GeV2 affects significantly the behavior of A(Q2) in the entire
complex Q2-plane, including in the regime of the utmost interest at present, |Q2| ∼ 1 GeV2.
One may raise the following question: what would happen with the applicability of the AQCD+OPE approach to
QCD inclusive quantities if the OPE were improved in the sense of having a convergent series even for |Q2| < 1 GeV2?28
This is an open question. The question of description of resonances or hadronic bounds states with AQCD is another
open problem in the regime |Q2| ∼ 0.1 GeV2. We believe that the application of the presented coupling A in such
problems, using the methods of Bethe-Salpeter (BS) and DS equations, is worth investigating. Resonances may
be treated via poles in the integral transforms of solutions to inhomogeneous Bethe-Salpeter equations [136]. Such
equations may be solved explicitly when the coupling does not run [137]. However when the gauge coupling is running,
for example in the analytical way A(Q2), to solve these equations is not simple. At the present stage, we regard that
the A-coupling approach has limitations on applicability to QCD phenomena at |Q2| < 1 GeV2 (|Q2| ∼ 0.1 GeV2).
Nonetheless, in models with nonperturbative process-dependent parameters the A coupling can also be regarded as
an improvement in the entire range of the applicability of the model, cf. Fig. 15.
At the present stage, we regard as the main benefit of the constructed universal coupling A that it is suitable for
28 For example, if the terms 〈O2n〉/(Q2)n were replaced by terms 〈O2n〉/(Q2 + M2n)n; and not only the condensate values, but also the
effective masses Mn were to be calculated by a well defined procedure. Such a procedure is not known at present. The usual (MS)
pQCD+OPE approach would not work even in such a case, because the pQCD coupling a(Q2) would hit Landau singularities for such
Q2 < 1GeV2.
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FIG. 15: The V-channel Adler function at Q2 > 0 (Q ≡
√
Q2): the grey band (online: brown band) are the experimental values as in
Fig. 14. The three solid lines are the theoretical curves for αs(M2Z) = 0.1189 (upper), 0.1185 (middle), 0.1181 (lower curve) in the massiveAQCD approach (mLO+mAQCD). The dash-dotted line is the massless limit (m2 7→ 0), for αs(M2Z) = 0.1185. The dashed line is for the
massive leading order term D(0)V (Q2)m and massless AQCD term (mLO+AQCD), for αs(M2Z) = 0.1185. The dotted line (mLO+mAPT)
is the case where ρd(σ) in Eq. (66) is the pQCD spectral function, as explained in the text. Nf = 3 is used throughout for ρd(σ).
extension of the known calculations of physical quantities by the pQCD(+OPE) methods down to squared momenta
of |Q2| ∼ 1 GeV2, cf. Fig. 14. This advantage is based on the way the A(Q2) coupling was constructed. Namely, the
known pQCD coupling behavior in the UV regime, and the lattice-motivated coupling behavior in the deep IR regime,
were connected into a single universal coupling A(Q2) which is applicable, in principle, in the entire complex Q2-plane.
Further, the resulting coupling A(Q2) has no Landau singularities, i.e., its holomorphic properties are qualitatively the
same as those of the spacelike QCD observables. As a result, evaluations of truncated perturbation series for spacelike
QCD observables D(Q2) can be resummed into a sequence of partial sums which converges as the number of terms
in the perturbation theory increases [21, 22] [in this context, we refer back to the discussion in the two paragraphs
after Eq. (31), and footnote 21 there]. The unknown behavior of the spectral function ρA(σ) ≡ ImA(−σ − i) of the
coupling in the low-σ regime was approximated as a linear combination of delta functions, motivated by the large-Nc
QCD limit. The remaining (seventh) parameter was adjusted so that one crucial measured quantity of the physics
at |Q2| ∼ 1 GeV2, namely the semihadronic τ -lepton decay ratio rτ (∆S = 0), was reproduced. It remains open to
interpretation whether this coupling A represents a model, or a direct construction based on incorporation of a host
of physically-motivated conditions.
VII. COMPARISON WITH THE WORK [26] AND OTHER WORKS
In comparison with our previous, shorter, work [26], the present paper reproduces qualitatively (not quantitatively)
the same results, but contains several differences, extensions and improvements.
• In the present work, in the A-coupling (AQCD) approach, we worked in the renormalization scheme which
agrees to four loops with the MiniMOM (MM) lattice scheme [18–20] (plus the rescaling from ΛMM to ΛMS),
while in [26] we worked in a scheme that agrees only to three loops with the MiniMOM scheme. We recall that,
at present, the MiniMOM (MM) lattice scheme is known to four loops. Further, the perturbative change of the
renormalization scheme is presented with more details, cf. Sec. III.
• As a consequence, the resulting A(Q2) coupling, which fulfills various conditions at high (|Q2| > Λ2L), low
(|Q2| → 0) and intermediate (|Q2| ∼ m2τ ) squared momenta, was constructed in the present work in a dispersive
way by using for the spectral function ρA(σ) ≡ ImA(Q2 = −σ − iε) at low σ < M20 simply the sum of three
delta functions at three different locations, cf. Eqs. (23)-(24), which is motivated by attractive properties of
Pade´ approximants. In our previous work, the mentioned conditions were fulfilled when two of those three delta
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TABLE VI: The gluon condensate values from the literature.
〈aGG〉 [GeV4] work and method
0.012 [138], charmonimum sum rules
0.037± 0.015 [139], Finite Energy Sum Rules (FESRs) in e+e−
0.022± 0.004 [140], QCD-moment sum rules
0.024± 0.006 [140], QCD-exponential moment sum rules
0.007± 0.005 [87], τ V+A sum rules with holomorphic coupling, A(0) > 0
0.012± 0.005 [25], τ V+A sum rules with hol. pQCD (not MS) a(Q2) with a(0) > 0
0.077± 0.087 [141], stochastic pQCD approach for SU(3) plaquette
0.006± 0.012 [118], three-loop Borel sum rules in V+A-channel τ decay
0.005± 0.004 [119], charmonium sum rules
0.005± 0.004 [143], FESRs from τ decay data
−0.005± 0.003 [125], V-channel τ decay multiparameter fit with FESRs (CIPT)
−0.034± 0.004 [125], A-channel τ decay multiparameter fit with FESRs (CIPT)
−0.020± 0.003 [125], V+A-channel τ decay multiparameter fit with FESRs (CIPT)
−0.018+0.006−0.005 [133], V+A-channel τ decay multiparameter fit with FESRs (CIPT)
−0.007+0.007−0.016 [133], V+A-channel τ decay multiparameter fit with FESRs (FOPT)
−0.007± 0.005 [26], τ V+A sum rules with holomorphic coupling, A(0) = 0
−0.004± 0.004 this work, from OPAL data
−0.005± 0.003 this work, from ALEPH data
functions appeared at practically the same location (σ = M21 ), i.e., ρA(σ) had equivalently the form Eq. (33).
In the present work we had to use this version only in the case of αs(M
2
Z ; MS) = 0.1189 and r
(D=0)
τ,th = 0.201
(i.e., when large αs and low r
(D=0)
τ ).
• In the previous work we fixed the A(Q2) coupling to only one value of r(D=0)τ,th = 0.201 [by using the resummation
method (31) in the integral (28)], while αs(M
2
Z ; MS) had three values as here (0.1181, 0.1185, 0.1189). In the
present work, we present results for more (seven) possibilities, namely for r
(D=0)
τ,th = 0.201 and 0.203, and in the
case of αs(M
2
Z ; MS) = 0.1185 also r
(D=0)
τ,th = 0.199, cf. Table II.
• The Borel sum rule analysis, and the comparison of r(D=0)τ,th with r(D=0)τ,exp is now performed for all seven mentioned
choices of input parameters, for OPAL and ALEPH data (cf. Tables III and IV), while in [26] the analysis was
performed only for three choices of parameter αs(M
2
Z ; MS) and only for OPAL data.
In Ref. [26] we obtained the following values of the condensates:
〈O4〉V+A = −0.00157−0.00066+0.00070(δαs)± 0.00030(exp) [GeV4]
⇒ 〈aGG〉 = −0.0074−0.0040+0.0042(δαs)± 0.0018(exp) [GeV4] , (67a)
〈O6〉V+A = +0.00136± 0.00022(δαs)± 0.00042(exp) [GeV6] , (67b)
where the uncertainties from the experimental band were obtained by an “educated guess” approach. On the other
hand, in the present work the obtained values of the D = 4 and D = 6 condensates, Eqs. (57) and (59) and Tables
III and IV, are now in general somewhat closer to zero, but the quality indicators χ2 are similarly good. In all cases
we obtain negative values of the gluon condensate 〈aGG〉.
On the other hand, the values of the gluon condensate obtained in the literature vary significantly. A positive
value 〈aGG〉 ≈ 0.012 GeV4 was obtained in the original work on the sum rules [138]. Positive values are obtained
also by the finite energy sum rules (FESRs), e.g. (0.037 ± 0.015) GeV4 in Ref. [139] (from e+e− annihilation in
the c-quark region), and by the QCD-moment and QCD-exponential moment sum rules for heavy quarkonia [140]
which give 〈aGG〉 ≈ (0.022 ± 0.004) GeV4 and (0.024 ± 0.006) GeV4, respectively. The values 0.005-0.010 GeV4
were obtained [25, 87] using a model with holomorphic coupling A(Q2) and 0 < A(0) < ∞ [86] and in pQCD in a
scheme with holomorphic coupling a(Q2) [25] with 0 < a(0) < ∞. Within a numerical stochastic pQCD approach,
calculation of the plaquette in SU(3) to high orders [141] gives the values 0.077± 0.087 GeV4 [142]. The uncertainty
in the latter result originates from the D = 4 renormalon in pQCD, which was revealed by calculation to such a high
order to be able to see the onset of the (D = 4) renormalon. Further, the value (0.006 ± 0.012) GeV4, compatible
with zero, was obtained in Ref. [118] from Borel sum rules (in MS at three loops) for τ decay data in the V + A
channel of τ decay for ALEPH data; the value (0.005±0.004) GeV4 was obtained in Ref. [119] where the charmonium
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sum rules were used; and the same value was obtained in Ref. [143] by FESRs for the τ decay data of ALEPH. The
latter small values are compatible with our results for the MS pQCD(+OPE) case, cf. Eqs. (58a) and (60a). On the
other hand, consistently negative values (−0.005 ± 0.003) GeV4 (from V channel), (−0.034 ± 0.004) GeV4 (from A
channel), and (−0.020± 0.003) GeV4 (from V +A channel) were obtained in [125] (Table 4 there), from an updated
multiparameter fit of ALEPH data on the τ decay were FESRs were used and αs(m
2
τ ; MS) was determined, too.
Various extensions and improvements of the latter analysis were performed in Ref. [133], where the negative values
(−0.018+0.006−0.005) GeV4 and (−0.007+0.007−0.016) GeV4 were obtained for the V + A channel in the case of the CIPT and of
the fixed order perturbation theory (FOPT) approach, respectively (cf. Table VI there). In Table VI we summarize
all these values, for comparison. At the end of the Table we also included the results of our previous work [26], and
of the present work, Eqs. (57a) and (59a), where the uncertainties were added in quadrature.
All these values of 〈aGG〉 in the literature were obtained by using the MS pQCD coupling (which is singular in the
IR regime), and in Refs. [25, 87] couplings were used which are finite positive in the deep IR regime. In the present
work (and in our previous work [26]), on the other hand, a holomorphic coupling with A(0) = 0 was used. Further,
we recall that the MS pQCD approach gives in general values of the condensates which vary significantly when the
number of terms in the leading-twist truncated series increases [144]. At the moment, it is not clear whether the value
of the gluon condensate is positive or negative. It is not even clear how to interprete such condensates. For instance,
in Ref. [145] it is argued that the QCD condensates are associated with the internal dynamics of hadrons and with
color confinement, and are not associated with the vacuum and, as a consequnece, they give zero contribution to the
cosmological constant.
VIII. SUMMARY
In this work we presented a construction of a QCD running coupling A(Q2) which is applicable in the regimes of
high and intermediate Q2. It simultaneously fulfills several physically motivated restrictions in the two mentioned
regimes. In addition, it fulfills two restrictions in the regime of low Q2 < 1 GeV2, motivated by the lattice evaluations
of a specifically defined Alatt.(Q2) in that regime in the Landau gauge and MiniMOM scheme. We applied A(Q2) to
the well-measured τ -lepton semihadronic decay physics, and to a quantity related to the e+e− → hadrons production.
The starting idea is to have a QCD coupling which is universal in the same sense as (the MS or MiniMOM)
pQCD coupling is universal, i.e., the coupling can be applied to the evaluation of QCD physical quantities at high
(|Q2| > 1 GeV2) and intermediate momenta (|Q2| ∼ 1 GeV2), via (resummed) perturbation expansion series for
the leading-twist contribution, and additional contributions of the higher-twist terms which, for inclusive quantities,
involve universal consensate values (i.e., OPE expansion). However, in contrast to the pQCD+OPE approach involving
the pQCD coupling a(Q2), in our AQCD+OPE approach the running coupling A(Q2) has no Landau singularities,
making therefore this approach more consistent theoretically, and more stable numerically at low |Q2| ∼ 1 GeV2.
Stated otherwise, the obtained coupling A(Q2), unlike the pQCD coupling a(Q2), as a byproduct of its construction
shares with the QCD spacelike physical quantities (such as current correlators, DIS differential cross sections, etc.)
the holomorphic (analytic) behavior in the complex Q2-plane as required by the general properties of Quantum Field
Theories. However, the way how the coupling A(Q2) turned out to be holomorphic depended to a significant degree
on the input information at low |Q2| . 1 GeV2. In this work, we incorporated this information by requiring: (I)
A(Q2) ∼ Q2 at Q2 → 0 (|Q2| < 1 GeV2) and A(Q2) at positive Q2 has the maximum at Q2 ≈ 0.13 GeV2, both
properties suggested by lattice results; (II) in addition, requiring that the measured τ -semihadronic decay (V+A)
ratio r
(D=0)
τ ≈ 0.20 be reproduced (|Q2| ∼ 1 GeV2); (III) as well as requiring that at high momenta (|Q2| > 1 GeV2)
the coupling practically merge with the underlying pQCD coupling a(Q2) (in the same lattice MiniMOM scheme):
A(Q2)−a(Q2) ∼ (Λ2QCD/Q2)5. The coupling was constructed by the dispersive approach, where the spectral function
ρA(σ) ≡ ImA(Q2 = −σ − iε) of the coupling was parametrized in the unknown infrared regime (
√
σ . 1 GeV2)
by three delta functions whose parameters were then fixed by the aforementioned conditions. The construction was
performed in the four-loop Lambert-MiniMOM renormalization scheme, i.e., in the scheme which coincides with the
four-loop lattice MiniMOM (MM) renormalization scheme in which the lattice results are available, but with the
rescaling to the usual scale ΛMS (from the ΛMM scale).
In order to cope with the present experimental uncertainties of αs and rτ , we provided the construction of the
AQCD coupling A(Q2) for seven choices of input parameters αs(M2Z ; MS) and r(D=0)τ,th : αs(M2Z ; MS) = 0.1185, 0.1181
and 0.1189 [⇒ αs(m2τ ; MS) = 0.3188, 0.3156 and 0.3221], and for the values r(D=0)τ,th = 0.201 and 0.203; and in the case
αs(M
2
Z ; MS) = 0.1185 also the value r
(D=0)
τ,th = 0.199. Two of the chosen αs(M
2
Z ; MS) values (0.1185, 0.1181) are the
world average values of the PDG2014 and PDG2016, respectively [1, 2].
Subsequent analysis of the Borel sum rules with OPAL and ALEPH data then allowed us to determine the values
of the corresponding dimension D = 4 and D = 6 condensates: 〈aGG〉 (gluon condensate) and 〈O6〉V+A. In all
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seven cases of input parameters, the fitting to the OPAL and ALEPH data is significaltly better than with the usual
MS pQCD(+OPE) approach, and is quite stable even when the upper bound σmax in the sum rules is decreased
down to σmax ≈ 1 GeV2. The extracted value of the gluon condensate 〈aGG〉 is significantly dependent on the value
of αs(M
2
Z ; MS). Application of the obtained AQCD+OPE approach to the V-channel Adler function DV (Q2) for
positive Q2, closely related with the production ratio of e+e− → hadrons, gives results which agree with experimental
data down to the value Q2 ≈ 1 GeV2, in contrast to the usual (MS) pQCD+OPE approach which gives results which
agree with experimental data only down to Q2 ≈ 2.5 GeV2. Good results for DV (Q2) were obtained also by applying
the mass-modified dispersive approach [15–17] with A coupling.
The program packages, written in Mathematica [30], which calculate A(Q2) and the (holomorphic) analogs An(Q2)
of the pQCD powers a(Q2)n are freely available [31], for the seven mentioned cases of the input parameters αs(M
2
Z ; MS)
and r
(D=0)
τ,th .
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Appendix A: Transformation of perturbation coefficients under the change of scheme
When the renormalization scheme coefficients cj ≡ βj/β0 (j ≥ 2) change from the MS to another scheme (cj 7→ cj),
the perturbation coefficients dj of any scheme invariant quantity d(Q
2), Eq. (29c), change accordingly (cf. [27])
d1 = d1, d2 = d2 − (c2 − c2), (A1a)
d3 = d3 − 2d1(c2 − c2)− 1
2
(c3 − c3), (A1b)
Here, the coefficients in MS scheme have bar, and those in another scheme (e.g., in Lambert MiniMOM) are without
bar.
Appendix B: Analogs An(Q2) of powers a(Q2)n
The analytic version (an)an = An of the analogs of higher powers an of the (underlying) pQCD coupling, for integer
n, was constructed in the general case of holomophic QCD in [84]. We recapitulate it briefly here. The construction
goes via a detour by considering first, instead of the powers an, the logarithmic derivatives
a˜n+1(Q
2) ≡ (−1)
n
βn0 n!
∂na(Q2)
∂(lnQ2)n
, (n = 1, 2, . . .) . (B1)
According to RGE, we have a˜n+1(Q
2) = a(Q2)n+1 +O(an+2). Specifically, we have
a˜2 = a
2 + c1a
3 + c2a
4 + · · · , (B2)
a˜3 = a
3 +
5
2
c1a
4 + · · · , a˜4 = a4 + · · · , etc. . (B3)
Inverting these relations gives
a2 = a˜2 − c1a˜3 +
(
5
2
c21 − c2
)
a˜4 + · · · , (B4)
a3 = a˜3 − 5
2
c1a˜4 + · · · , a4 = a˜4 + · · · , etc. (B5)
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The linearity of “analytization” implies that in holomorphic QCD the correponding analogs of logarithmic derivatives
are constructed in the very same way, therefore we define
A˜n+1(Q2) ≡ (−1)
n
βn0 n!
∂nA(Q2)
∂(lnQ2)n
. (n = 1, 2, . . .) . (B6)
Further, the linearity of the relations (B5) implies that the analogs A2, A3, A4 of the powers an are obtained in the
same way
A2 ≡
(
a2
)
an
= A˜2 − c1A˜3 +
(
5
2
c21 − c2
)
A˜4 + · · · , (B7)
A3 ≡
(
a3
)
an
= A˜3 − 5
2
c1A˜4 + · · · , A4 ≡
(
a4
)
an
= A˜4 + · · · . etc. (B8)
In the case of the truncated series d[4], Eqs. (30b)-(30c), we truncated the above relations at A˜4 (including A˜4).
The analogs Aν for the powers aν , when ν is real (and not necessarily integer) were constructed for general
holomorphic couplings A in [110]. They are based on the following generalization of the logarithmic derivatives (B6)
to general noninteger ν:
A˜ν+1(Q2) = 1
pi
(−1)
βν0 Γ(ν + 1)
∫ ∞
0
dσ
σ
ρA(σ)Li−ν
(
− σ
Q2
)
(−1 < ν) , (B9)
where Li−ν is the polylogarithm function. This formula can be extended in the index ν to: −2 < ν, cf. Eq. (22) of
[110]. The expression Aν , i.e., the analog of the power aν , is then obtained in the following way
Aν ≡ A˜ν +
∑
m≥1
k˜m(ν)A˜ν+m (ν > −2) , (B10)
where the coefficients k˜m are given, for general ν, in App. A of [110]; they involve the coefficients of the RGE β
function, and derivatives of Gamma functions.
If the expressions (B7)-(B8) are truncated at A˜4, it is straightforward to show that the truncated series (30c) can
be expressed in terms of A˜n’s
d(Q2;D = 0)[4]an = A(Q2) + d1A2(Q2) + d2A3(Q2) + d3A4(Q2) (B11a)
= A(Q2) + d˜1A˜2(Q2) + d˜2A˜3(Q2) + d˜3A˜4(Q2), (B11b)
where the modified expansion coefficients d˜n are simple combinations of the original expansion coefficients
d˜1 = d1 , d˜2 = d2 − c1d1 , (B12a)
d˜3 = d3 − 5
2
c1d2 +
(
5
2
c21 − c2
)
d1 . (B12b)
It is evident that the form (B11b) is more time-efficient in numerical evaluations than the form (B11a).
Appendix C: Fit procedures for Borel transforms
In this Appendix we explain how the covariance matrix of the Borel transforms ReB(M2) are obtained, and thus
the variance (half width) of the experimental bands in Figs. 8-13 in Sec. V. Further, we explain how various χ2 values
were evaluated in Sec. V.
The covariance matrix Uij ≡ U(σi, σj) for the experimental ωV+A(σ) spectral functions (of OPAL and ALEPH
Collaboration) can be probabilistically defined by means of the following expectation values:
Uij ≡ U(σi, σj) ≡ 〈∆ωV+A(σi)∆ωV+A(σj)〉 (C1a)
= U
(V V )
ij + U
(AA)
ij + U
V A
ij + U
AV
ij , (C1b)
where in the first line, Eq. (C1a), we denoted
∆ω(σi) = ω(σi)− 〈ω(σi)〉, (C2)
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with 〈ω(σi)〉 = ωexp(σi) representing the experimental average (central) value for the measurements of ω(σi) in the
i’th σ-bin whose length is (∆σ)i and central point σi. In the second line, Eq. (C1b), we denoted the corresponding
covariance matrices for combinations of different (V and A) channels. These matrices are available, or extractable,
from the corresponding OPAL [121–123] and ALEPH data [125].
The covariance matrix UB for the Borel transforms ReB(M
2) can then obtained from the “sum over bins” evaluation
of ReB(M2) [cf. Eq. (43a)]
ReB(M2) =
N∑
j=1
(∆σ)jf(σj ;M
2)ω(σj)V+A (C3)
where
f(σj ;M
2) ≡ Re
(
exp(−σj/M2)
M2
)
. (C4)
The Borel transform covariance matrix (UB(Ψ))αβ ≡ UB(M2α,M2β), where M2α = |M2α| exp(iΨ) (Ψ fixed), can then be
expressed in terms of the aforementioned covariance matrix U , Eq. (C1), in the following way:
(UB(Ψ))αβ ≡ UB(M2α,M2β) = 〈∆ReB(M2α)∆ReB(M2β)〉 (C5a)
=
N∑
j=1
N∑
k=1
(∆σ)j(∆σ)kf(σj ;M
2
α)f(σk;M
2
β)Ujk. (C5b)
Here we denoted
∆ReB(M2) ≡ ReB(M2)− 〈ReB(M2)〉, (C6)
where 〈ReB(M2)〉 is the central experimental value of the Borel transform [at a scale M2 = |M2| exp(iΨ)], i.e., the
expression (C3) calculated with the central experimental spectral values 〈ω(σj)V+A〉 = ωexp(σj)V+A. Square root of
the diagonal elements of the above matrix
δB(M
2) =
(
UB(M
2,M2)
)1/2
(C7)
gives the experimental standard deviation for the Borel transform ReB(M2) at a given scale M2. This standard
deviation represents is the half width of the experimental grey bands in Figs. 8-13, at given value ofM2 = |M2| exp(iΨ).
In order to fit the theoretical curves of B(M2) to the central experimental curve, we have several possibilities. One
is to simply minimize the sum of squared deviations
χ2(Ψ) =
1
n
n∑
α=0
(
ReBth(M
2
α)− ReBexp(M2α)
)2
, (C8)
where M2α = |M2α| exp(iΨ) with Ψ fixed, and |Mα|2 are n+ 1 equidistant points in the considered |M2| interval. We
choose in this work the interval 0.65 GeV2 ≤ |M2| ≤ 1.50 GeV2, and the number of subintervals n = 85.
Another possibility is to weight the squared deviations by the squares of the standard deviations δB(M
2) of Eq. (C7)
χ2δ(Ψ) =
n∑
α=0
(
ReBth(M
2
α)− ReBexp(M2α)
δB(M2α)
)2
. (C9)
Yet another possibility, a generalization of Eq. (C9), is to account for the entire covariance matrix (C5)
χ2cov(Ψ) =
n∑
α=0
n∑
β=0
(
ReBth(M
2
α)− ReBexp(M2α)
)
(UB(Ψ)
−1)αβ
(
ReBth(M
2
β)− ReBexp(M2β)
)
. (C10)
It turns out that the latter approach, i.e., the minimization of the quantity (C10), is not numerically stable when
the number n of subintervals of |M2| (of width 0.85/n GeV2) increases. In such cases, the inversion UB(Ψ)−1 of the
(n+1)×(n+1) matrix UB(Ψ) becomes in general numerically unstable and dependent on the number n. In the case of
the A-coupling framework, the instabilities occur for n ≥ 3, and in the MS pQCD framework for n ≥ 2. Nonetheless,
we can use the values of the D = 4, 6 condensates obtained by the minimization of χ2cov(Ψ)n=1 for Ψ = pi/6, pi/4. But
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then, in the OPAL case, at Ψ = 0 the deviations from the experimental values of ReB(M2) turn out to be larger than
those when the central values of condensates Eq. (47) are used, the latter obtained by the minimization of χ2(Ψ)n=85
of Eq. (C8). For numerical data on that, see the discussion below. This is the main reason why we do not use the
minimization of χ2cov(Ψ)n=1 for determination of the central values of the condensates in the OPAL case. On the
other hand, in the ALEPH case the approaches (C8) and (C10) are comparably good, but we will use the approach
(C8) also in the ALEPH case.
On the other hand, the minimization of χ2δ (C9) and χ
2 (C8) gives very similar results for the condensate values,
the differences in these values being of the order of a per cent. In this work we will use the minimization of χ2,
Eq. (C8), and not of χ2δ , for at least two reasons. One is the simplicity and the fact that the values of δB(M
2) along
the considered rays do not vary much within the considered interval 0.65 GeV2 ≤ |M2| ≤ 1.50 GeV2, as seen in
Figs. 8-13. The other reason is that the experimental uncertainties δB(M
2) are by about a factor of three smaller
in the case of the ALEPH data (in comparison to the OPAL data), and therefore in such a case the comparison
of χ2δ between the OPAL with ALEPH cases will miss one important aspect. Namely, if the theoretical curve fits
comparatively well both the central OPAL curve and the central ALEPH curve [for ReB(M2) along a ray], then χ2δ in
the ALEPH case will be about ten times higher than in the OPAL case. However, we want to have a general indicator
of quality of fit to the central experimental curves, and not only the fit quality as compared to the experimental
bands. Therefore, we choose the minimization of χ2 of Eq. (C8) as our approach (with relatively large n = 85). In
Sec. V we also present the corresponding values for the experimental bands
χ2exp(Ψ) =
1
n
n∑
α=0
δB(M
2
α)
2. (C11)
This quantity is in general ten times smaller in the ALEPH case, as compared to the OPAL case. The comparison of
χ2 with the quantity (C11) gives us a rough measure of quality of fit in comparison to the experimental band, i.e.,
the quality as quantified also by χ2δ of Eq. (C9).
However, we will use the covariant matrix approach (C10), with n = 1 (i.e., with |M2α| = 0.65 for α = 0 and
|M2α| = 1.5 GeV2 for α = 1), for the purpose of estimating the experimental uncertainties of the central values of
condensates [we recall that the central values are obtained by minimizing χ2(Ψ)n=85 of Eq. (C8)]. Namely, in the
OPAL case, the minimization of χ2cov,n=1(Ψ) gives for Ψ = pi/6 the value 〈aGG〉 = −0.0043 GeV4, and for Ψ = pi/4
the value 〈O6〉V+A = +0.0013 GeV6 [differing somewhat from the central values Eq. (47) obtained by minimizing
χ2(Ψ)n=85 of Eq. (C8)]. When using these central values in Ψ = 0 case of ReB(|M2|eiΨ), we obtain for deviations
χ2(Ψ = 0)n=85 = 1.4 × 10−5, significantly larger than χ2(Ψ = 0)n=85 = 2.1 × 10−6 [Eq. (49)] obtained when the
central values Eqs. (47) are used. As mentioned, this is the main reason why we do not use for the central values of
the condensates those obtained by the minimization of χ2cov(Ψ)n=1, but rather those obtained by the minimization of
χ2(Ψ)n=85. On the other hand, the value of χ
2
cov(pi/6)n=1 increases from its minimal value 0.014 by one unity (to 1.014)
when the value of the condensate 〈aGG〉 deviates from its value at the minimum by ±0.0017 GeV4. Analogously, the
value of χ2cov(pi/4)n=1 increases from its minimal value 0.006 by one unity (to 1.006) when the value of the condensate
〈O6〉V+A deviates from its value at the minimum by ±0.0003 GeV6. These deviations can be taken (and will be
taken) as the estimates of the experimental uncertainties of the central values of the condensates, cf. Eqs. (47)-(48).
In the ALEPH case, completely analogous reasoning is applied. We refer to Refs. [1, 2] on that point (Statistics).
Appendix D: Massive variant of AQCD
Here we recapitulate, based on Refs. [15–17], the massive version for (any) analytic QCD, with a view of applying
the procedure in AQCD considered here for evaluations of the V-channel Adler function DV (Q2).
The production ratio for e+e− → hadrons, R(σ), which is a timelike quantity, and the Adler function DV (Q2),
which is a spacelike quantity, are related by the integral transformations
DV (Q
2) = Q2
∫ ∞
m2
dσ
R(σ)
(σ +Q2)2
, (D1a)
R(σ) =
1
2pii
∫ −σ+i
−σ−i
dQ2
DV (Q
2)
Q2
, (D1b)
where the last integral must avoid the cut (−∞,−m2) in the Q2 plane [m2 = (2mpi)2 with mpi = 0.13957 GeV]. The
kinematic threshold σ ≥ m2 in the production process e+e− → hadrons is reflected in the production ratio R(σ)
[146, 147]
R(σ) = R(0)(σ)m + Θ(σ −m2)r(σ), (D2)
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where the leading part is
R(0)(σ)m = Θ(σ −m2)
(
1− m
2
σ
)3/2
, (D3)
and r(σ) is the QCD correction
r(σ) =
1
pi
∫ ∞
σ
dσ′
ρd(σ
′)
σ′
, (D4)
where ρd(σ) ≡ Im d(−σ − i;D = 0) is the spectral function of the D = 0 Adler function d(Q2;D = 0) of Eqs. (30c)
and (31). In this approach, it is regarded that kinematic threshold m2 is the major nonperturbative effect at low
momenta or energies. Application of the transformation (D1a) to the function R(σ) of Eq. (D2) then gives the
V-channel Adler function in terms of m2 and ρd(σ)
DV (Q2) = D(0)(Q2)m + d(Q2)m, (D5)
where the leading part comes from R(0)(σ)m of Eq. (D3)
D(0)(Q2)m = 1 + 3
z2
[
1−
(
1 +
1
z2
)1/2
ArcSinh(z)
] ∣∣∣∣
z=
√
Q2/m
(D6a)
=
2
5
z2 − 8
35
z4 +
16
105
z6 + . . .
∣∣∣∣
z2=Q2/m2
, (D6b)
which is a holomorphic function of Q2 for Q2 ∈ C\(−∞,−m2), with the cut (−∞,−m2) in the complex Q2-plane.
Similarly, the QCD part d(Q2)m in this approach is
d(Q2)m =
Q2
(Q2 +m2)
1
pi
∫ +∞
m2
dσ
(
1− m
2
σ
)
ρd(σ)
(σ +Q2)
. (D7)
In QCD with a holomorphic A(Q2) (not necessarily the AQCD considered in this work), direct algebra shows that
this part can be expressed in terms of the mass-modified (’m’) coupling A(m)(Q2)
d(Q2)m = − m
2
(Q2 +m2)
A(m)(0) +A(m)(Q2) + d˜1A˜(m)2 (Q2) + d˜2A˜(m)3 (Q2) + d˜3A˜(m)4 (Q2) +O(A˜5), (D8)
where the mass-modified coupling is
A(m)(Q2) = 1
pi
∫ ∞
m2
dσρA(σ)
(σ +Q2)
(D9)
and A˜(m)n+1 are logarithmic derivatives of this coupling
A˜(m)n+1(Q2) ≡
(−1)n
βn0 n!
∂nA(m)(Q2)
∂(lnQ2)n
. (n = 1, 2, . . .) , (D10)
in complete analogy with Eq. (B6) for the original (non-mass-modified) holomorphic couplings A˜n+1. The expansion
coefficients d˜n are given in Eqs. (B12), cf. also the analogous Eqs. (B11) for d(Q
2;D = 0) in the theory with the
original holomorphic coupling A. The function ρA(σ) appearing in Eq. (D9) is the spectral function of the original
coupling A: ρA(σ) ≡ ImA(−σ − i). We recall that, in contrast with the integral (D9) for A(m)(Q2), the original
holomorphic coupling A(Q2) has the dispersion integral running in principle across the entire positive semiaxis in σ
A(Q2) = 1
pi
∫ ∞
0
dσρA(σ)
(σ +Q2)
. (D11)
In practice, the original spectral function ρA(σ) starts to be nonzero at some threshold value M2thr, cf. Eq. (17). In the
considered AQCD model, M2thr = M21 , cf. Eq. (23). Our AQCD coupling gets modified by the kinematical threshold
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(D9) [i.e., A(m) 6= A] only when m2 > M21 , which is the case in four of the seven considered cases of AQCD here,
cf. Table II.29
[1] K. A. Olive et al. [Particle Data Group Collaboration], “Review of Particle Physics,” Chin. Phys. C 38, 090001 (2014)
doi:10.1088/1674-1137/38/9/090001.
[2] C. Patrignani et al. [Particle Data Group Collaboration], “Review of Particle Physics,” Chin. Phys. C 40, no. 10, 100001
(2016). doi:10.1088/1674-1137/40/10/100001
[3] A. A. Pivovarov, “Renormalization group analysis of the tau-lepton decay within QCD,” Z. Phys. C 53, 461 (1992) [Sov.
J. Nucl. Phys. 54, 676 (1991)] [Yad. Fiz. 54, 1114 (1991)] doi:10.1007/BF01625906 [hep-ph/0302003].
[4] F. Le Diberder and A. Pich, “The perturbative QCD prediction to Rτ revisited,” Phys. Lett. B 286, 147 (1992)
doi:10.1016/0370-2693(92)90172-Z; “Testing QCD with tau decays,” Phys. Lett. B 289, 165 (1992) doi:10.1016/0370-
2693(92)91380-R.
[5] N. N. Bogolyubov and D. V. Shirkov, “Introduction To The Theory Of Quantized Fields,” Intersci. Monogr. Phys. Astron.
3, 1 (1959).
[6] R. Oehme, “Analytic structure of amplitudes in gauge theories with confinement,” Int. J. Mod. Phys. A 10, 1995 (1995)
doi:10.1142/S0217751X95000978 [hep-th/9412040].
[7] G. Grunberg, “Renormalization group improved perturbative QCD,” Phys. Lett. 95B, 70 (1980) Erratum: [Phys. Lett.
110B, 501 (1982)] doi:10.1016/0370-2693(80)90402-5; “Renormalization scheme independent QCD and QED: the method
of Effective Charges,” Phys. Rev. D 29, 2315 (1984) doi:10.1103/PhysRevD.29.2315.
[8] A. Deur, V. Burkert, J. P. Chen and W. Korsch, “Determination of the effective strong coupling constant αs,g(1)(Q
2) from
CLAS spin structure function data,” Phys. Lett. B 665, 349 (2008) doi:10.1016/j.physletb.2008.06.049 [arXiv:0803.4119
[hep-ph]].
[9] I. L. Solovtsov and D. V. Shirkov, “Analytic approach to perturbative QCD and renormalization scheme dependence,”
Phys. Lett. B 442, 344 (1998) doi:10.1016/S0370-2693(98)01224-6 [hep-ph/9711251].
[10] K. A. Milton, I. L. Solovtsov and O. P. Solovtsova, “Analytic perturbation theory and inclusive tau decay,” Phys. Lett.
B 415, 104 (1997) doi:10.1016/S0370-2693(97)01207-0 [hep-ph/9706409]; “The Adler function for light quarks in analytic
perturbation theory,” Phys. Rev. D 64, 016005 (2001) doi:10.1103/PhysRevD.64.016005 [hep-ph/0102254].
[11] B. A. Magradze, “The gluon propagator in analytic perturbation theory,” Conf. Proc. C 980518, 158 (1999) [hep-
ph/9808247].
[12] M. Baldicchi, A. V. Nesterenko, G. M. Prosperi, D. V. Shirkov and C. Simolo, “Bound state approach to the QCD
coupling at low energy scales,” Phys. Rev. Lett. 99, 242001 (2007) doi:10.1103/PhysRevLett.99.242001 [arXiv:0705.0329
[hep-ph]]; M. Baldicchi, A. V. Nesterenko, G. M. Prosperi and C. Simolo, “QCD coupling below 1 GeV from quarkonium
spectrum,” Phys. Rev. D 77, 034013 (2008) doi:10.1103/PhysRevD.77.034013 [arXiv:0705.1695 [hep-ph]].
[13] S. Peris, M. Perrottet and E. de Rafael, “Matching long and short distances in large-Nc QCD,” JHEP 9805, 011 (1998)
doi:10.1088/1126-6708/1998/05/011 [hep-ph/9805442].
[14] B. A. Magradze, “Testing the concept of quark-hadron duality with the ALEPH τ decay data,” Few Body Syst. 48,
143 (2010) Erratum: [Few Body Syst. 53, 365 (2012)] doi:10.1007/s00601-012-0449-4 [arXiv:1005.2674 [hep-ph]]; “Strong
coupling constant from τ decay within a dispersive approach to perturbative QCD,” Proceedings of A. Razmadze Mathe-
matical Institute 160 (2012) 91-111 [arXiv:1112.5958 [hep-ph]].
[15] A. V. Nesterenko and J. Papavassiliou, “A novel integral representation for the Adler function,” J. Phys. G 32, 1025
(2006) doi:10.1088/0954-3899/32/7/011 [hep-ph/0511215]; A. V. Nesterenko, “On the low-energy behavior of the Adler
function,” Nucl. Phys. Proc. Suppl. 186, 207 (2009) doi:10.1016/j.nuclphysbps.2008.12.048 [arXiv:0808.2043 [hep-ph]].
[16] A. V. Nesterenko, “Adler function in the analytic approach to QCD,” eConf C 0706044, 25 (2007) [arXiv:0710.5878
[hep-ph]]; “Hadronic effects in low-energy QCD: inclusive tau lepton decay,” Nucl. Phys. Proc. Suppl. 234, 199 (2013)
doi:10.1016/j.nuclphysbps.2012.12.013 [arXiv:1209.0164 [hep-ph]]; “Dispersive approach to QCD and inclusive tau lepton
hadronic decay,” Phys. Rev. D 88, 056009 (2013) doi:10.1103/PhysRevD.88.056009 [arXiv:1306.4970 [hep-ph]]; “Inclusive
τ lepton hadronic decay in vector and axial-vector channels within dispersive approach to QCD,” AIP Conf. Proc.
1701, 040016 (2016) doi:10.1063/1.4938633 [arXiv:1508.03705 [hep-ph]]; “Hadronic vacuum polarization function within
dispersive approach to QCD,” J. Phys. G 42, 085004 (2015) doi:10.1088/0954-3899/42/8/085004 [arXiv:1411.2554 [hep-
ph]]; “Hadronic contributions to electroweak observables in the framework of DPT,” arXiv:1602.01027 [hep-ph]; “Electron-
positron annihilation into hadrons at the higher-loop levels,” arXiv:1707.00668 [hep-ph].
[17] A. V. Nesterenko, “Strong interactions in spacelike and timelike domains: dispersive approach,” Elsevier, Amsterdam,
2016, eBook ISBN: 9780128034484.
29 We recall that M21 = s1Λ
2
L, so that the non-modification condition (4m
2
pi =) m
2 < M21 is fulfilled only in the three cases: αs(M
2
Z ; MS) =
0.1185 and r
(D=0)
τ,th = 0.199; αs(M
2
Z ; MS) = 0.1189 and r
(D=0)
τ,th = 0.201 or 0.203. In the other four cases of Table II, we have m
2 > M21
and thus A(m) 6= A.
38
[18] L. von Smekal, K. Maltman and A. Sternbeck, “The Strong coupling and its running to four loops in a minimal MOM
scheme,” Phys. Lett. B 681, 336 (2009) doi:10.1016/j.physletb.2009.10.030 [arXiv:0903.1696 [hep-ph]].
[19] P. Boucaud, F. De Soto, J. P. Leroy, A. Le Yaouanc, J. Micheli, O. Pene and J. Rodr´ıguez-Quintero, “Ghost-gluon
running coupling, power corrections and the determination of Lambda(MS-bar),” Phys. Rev. D 79, 014508 (2009)
doi:10.1103/PhysRevD.79.014508 [arXiv:0811.2059 [hep-ph]].
[20] K. G. Chetyrkin and A. Retey, “Three loop three linear vertices and four loop similar to MOM beta functions in massless
QCD,” hep-ph/0007088.
[21] G. Cveticˇ and R. Ko¨gerler, “Applying generalized Pade´ approximants in analytic QCD models,” Phys. Rev. D 84, 056005
(2011) doi:10.1103/PhysRevD.84.056005 [arXiv:1107.2902 [hep-ph]].
[22] G. Cveticˇ, “Techniques of evaluation of QCD low-energy physical quantities with running coupling with infrared fixed
point,” Phys. Rev. D 89, 036003 (2014) doi:10.1103/PhysRevD.89.036003 [arXiv:1309.1696 [hep-ph]].
[23] G. Cveticˇ, R. Ko¨gerler and C. Valenzuela, “Analytic QCD coupling with no power terms in UV regime,” J. Phys. G 37,
075001 (2010) doi:10.1088/0954-3899/37/7/075001 [arXiv:0912.2466 [hep-ph]].
[24] G. Cveticˇ, R. Ko¨gerler and C. Valenzuela, “Reconciling the analytic QCD with the ITEP operator product expansion
philosophy,” Phys. Rev. D 82, 114004 (2010) doi:10.1103/PhysRevD.82.114004 [arXiv:1006.4199 [hep-ph]].
[25] C. Contreras, G. Cveticˇ, R. Ko¨gerler, P. Kro¨ger and O. Orellana, “Perturbative QCD in acceptable schemes with holo-
morphic coupling,” Int. J. Mod. Phys. A 30, 1550082 (2015) doi:10.1142/S0217751X15500827 [arXiv:1405.5815 [hep-ph]];
in App. C in the first line of Eq. (C.13a) there are two typos: instead of 2 + 2u should be 3 + 2u, and instead of ln(1 + u)
should be ln(1 + 1/u); the correct formula was used in the numerical calculations, though.
[26] C. Ayala, G. Cveticˇ and R. Ko¨gerler, “Lattice-motivated holomorphic nearly perturbative QCD,” J. Phys. G: Nucl. Part.
Phys. https://doi.org/10.1088/1361-6471/aa6fdf, in press [arXiv:1608.08240 [hep-ph]].
[27] P. M. Stevenson, “Optimized Perturbation Theory,” Phys. Rev. D 23, 2916 (1981) doi:10.1103/PhysRevD.23.2916.
[28] J. M. Cornwall, “Dynamical mass generation in continuum QCD,” Phys. Rev. D 26, 1453 (1982).
doi:10.1103/PhysRevD.26.1453
[29] A. Deur, S. J. Brodsky and G. F. de Teramond, “On the interface between perturbative and nonperturbative QCD,”
Phys. Lett. B 757, 275 (2016) doi:10.1016/j.physletb.2016.03.077 [arXiv:1601.06568 [hep-ph]].
[30] MATHEMATICA 10.4, Wolfram Co.
[31] On www page http://gcvetic.usm.cl: four Mathematica packages 4l3danQCDcouplrtXalY.m, with input parameters
αs(M
2
Z ; MS) = 0.1185 (Y=01185), 0.1181 (Y=01181), and 0.1189 (Y=01189); and r
(D=0)
τ = 0.201 (X=0201), 0.203
(X=0203), and 0.199 (X=0199).
[32] I. L. Bogolubsky, E.-M. Ilgenfritz, M. Mu¨ller-Preussker and A. Sternbeck, “Lattice gluodynamics computation of Lan-
dau gauge Green’s functions in the deep infrared,” Phys. Lett. B 676, 69 (2009) doi:10.1016/j.physletb.2009.04.076
[arXiv:0901.0736 [hep-lat]].
[33] J. C. Taylor, “Ward Identities and Charge Renormalization of the Yang-Mills Field,” Nucl. Phys. B 33, 436 (1971).
doi:10.1016/0550-3213(71)90297-5
[34] A. A. Slavnov, “Ward Identities in Gauge Theories,” Theor. Math. Phys. 10, 99 (1972) [Teor. Mat. Fiz. 10, 153 (1972)].
doi:10.1007/BF01090719
[35] A. A. Slavnov, “Renormalization of Supersymmetric Gauge Theories. 2. Nonabelian Case,” Nucl. Phys. B 97, 155 (1975).
doi:10.1016/0550-3213(75)90218-7
[36] L. D. Faddeev and A. A. Slavnov, “Gauge Fields. Introduction To Quantum Theory,” Front. Phys. 50, 1 (1980) [Front.
Phys. 83, 1 (1990)]; Introduction to quantum theory of gauge fields, Moscow, Nauka, (1988).
[37] L. von Smekal, R. Alkofer and A. Hauck, “The Infrared behavior of gluon and ghost propagators in Landau gauge QCD,”
Phys. Rev. Lett. 79, 3591 (1997) doi:10.1103/PhysRevLett.79.3591 [hep-ph/9705242]; C. Lerche and L. von Smekal,
“On the infrared exponent for gluon and ghost propagation in Landau gauge QCD,” Phys. Rev. D 65, 125006 (2002)
doi:10.1103/PhysRevD.65.125006 [hep-ph/0202194]; R. Alkofer, C. S. Fischer and F. J. Llanes-Estrada, “Vertex functions
and infrared fixed point in Landau gauge SU(N) Yang-Mills theory,” Phys. Lett. B 611, 279 (2005) Erratum: [Phys. Lett.
B 670, 460 (2009)] doi:10.1016/j.physletb.2008.11.068, 10.1016/j.physletb.2005.02.043 [hep-th/0412330]; C. S. Fischer
and J. M. Pawlowski, “Uniqueness of infrared asymptotics in Landau gauge Yang-Mills theory,” Phys. Rev. D 75,
025012 (2007) doi:10.1103/PhysRevD.75.025012 [hep-th/0609009]; C. S. Fischer, A. Maas and J. M. Pawlowski, “On
the infrared behavior of Landau gauge Yang-Mills theory,” Annals Phys. 324, 2408 (2009) doi:10.1016/j.aop.2009.07.009
[arXiv:0810.1987 [hep-ph]].
[38] I. Kondrashuk, “Renormalizations in softly broken N=1 theories: Slavnov-Taylor identities,” J. Phys. A 33, 6399 (2000)
doi:10.1088/0305-4470/33/36/309 [hep-th/0002096].
[39] G. Cveticˇ, I. Kondrashuk and I. Schmidt, ‘QCD effective action with dressing functions: Consistency checks in perturbative
regime,” Phys. Rev. D 67, 065007 (2003) doi:10.1103/PhysRevD.67.065007 [hep-ph/0210185].
[40] W. Celmaster and R. J. Gonsalves, “The renormalization prescription dependence of the QCD coupling constant,” Phys.
Rev. D 20, 1420 (1979). doi:10.1103/PhysRevD.20.1420
[41] A. G. Duarte, O. Oliveira and P. J. Silva, ‘Lattice Gluon and Ghost Propagators, and the Strong Coupling in
Pure SU(3) Yang-Mills Theory: Finite Lattice Spacing and Volume Effects,” Phys. Rev. D 94, no. 1, 014502 (2016)
doi:10.1103/PhysRevD.94.014502 [arXiv:1605.00594 [hep-lat]].
[42] E.-M. Ilgenfritz, M. Mu¨ller-Preussker, A. Sternbeck and A. Schiller, “Gauge-variant propagators and the running coupling
from lattice QCD,” hep-lat/0601027.
[43] B. Blossier et al., “The Strong running coupling at τ and Z0 mass scales from lattice QCD,” Phys. Rev. Lett. 108, 262002
39
(2012) doi:10.1103/PhysRevLett.108.262002 [arXiv:1201.5770 [hep-ph]]; “Ghost-gluon coupling, power corrections and
ΛM¯S from lattice QCD with a dynamical charm,” Phys. Rev. D 85, 034503 (2012) doi:10.1103/PhysRevD.85.034503
[arXiv:1110.5829 [hep-lat]].
[44] A. Ayala, A. Bashir, D. Binosi, M. Cristoforetti and J. Rodr´ıguez-Quintero, “Quark flavour effects on gluon and ghost
propagators,” Phys. Rev. D 86, 074512 (2012) doi:10.1103/PhysRevD.86.074512 [arXiv:1208.0795 [hep-ph]].
[45] D. Binosi, C. D. Roberts and J. Rodr´ıguez-Quintero, “Scale-setting, flavor dependence, and chiral symmetry restoration,”
Phys. Rev. D 95, no. 11, 114009 (2017) doi:10.1103/PhysRevD.95.114009 [arXiv:1611.03523 [nucl-th]].
[46] A. C. Aguilar and J. Papavassiliou, “Power-law running of the effective gluon mass,” Eur. Phys. J. A 35, 189
(2008) doi:10.1140/epja/i2008-10535-4 [arXiv:0708.4320 [hep-ph]]; A. C. Aguilar, D. Binosi, J. Papavassiliou and
J. Rodr´ıguez-Quintero, “Non-perturbative comparison of QCD effective charges,” Phys. Rev. D 80, 085018 (2009)
doi:10.1103/PhysRevD.80.085018 [arXiv:0906.2633 [hep-ph]].
[47] D. Binosi, C. Mezrag, J. Papavassiliou, C. D. Roberts and J. Rodr´ıguez-Quintero, “Process-independent strong running
coupling,” Phys. Rev. D 96, no. 5, 054026 (2017) doi:10.1103/PhysRevD.96.054026 [arXiv:1612.04835 [nucl-th]].
[48] A. C. Aguilar and J. Papavassiliou, “Gluon mass generation in the PT-BFM scheme,” JHEP 0612, 012 (2006)
doi:10.1088/1126-6708/2006/12/012 [hep-ph/0610040]; A. C. Aguilar, D. Binosi and J. Papavassiliou, “Gluon and ghost
propagators in the Landau gauge: Deriving lattice results from Schwinger-Dyson equations,” Phys. Rev. D 78, 025010
(2008) doi:10.1103/PhysRevD.78.025010 [arXiv:0802.1870 [hep-ph]]; P. Boucaud, J. P. Leroy, A. Le Yaouanc, J. Micheli,
O. Pene and J. Rodr´ıguez-Quintero, “On the IR behaviour of the Landau-gauge ghost propagator,” JHEP 0806, 099
(2008) doi:10.1088/1126-6708/2008/06/099 [arXiv:0803.2161 [hep-ph]]; D. Binosi and J. Papavassiliou, “Pinch Technique:
theory and applications,” Phys. Rept. 479, 1 (2009) doi:10.1016/j.physrep.2009.05.001 [arXiv:0909.2536 [hep-ph]].
[49] D. Dudal, S. P. Sorella, N. Vandersickel and H. Verschelde, “New features of the gluon and ghost propagator in the
infrared region from the Gribov-Zwanziger approach,” Phys. Rev. D 77, 071501 (2008) doi:10.1103/PhysRevD.77.071501
[arXiv:0711.4496 [hep-th]]; D. Dudal, J. A. Gracey, S. P. Sorella, N. Vandersickel and H. Verschelde, “A Refinement of
the Gribov-Zwanziger approach in the Landau gauge: Infrared propagators in harmony with the lattice results,” Phys.
Rev. D 78, 065047 (2008) [arXiv:0806.4348 [hep-th]]; D. Dudal, S. P. Sorella and N. Vandersickel, “The dynamical origin
of the refinement of the Gribov-Zwanziger theory,” Phys. Rev. D 84, 065039 (2011) [arXiv:1105.3371 [hep-th]].
[50] H. Gies, “Running coupling in Yang-Mills theory: a flow equation study,” Phys. Rev. D 66, 025006 (2002)
doi:10.1103/PhysRevD.66.025006 [hep-th/0202207]; J. Braun and H. Gies, “Chiral phase boundary of QCD at finite tem-
perature,” JHEP 0606, 024 (2006) doi:10.1088/1126-6708/2006/06/024 [hep-ph/0602226]; J. M. Pawlowski, D. F. Litim,
S. Nedelko and L. von Smekal, “Infrared behavior and fixed points in Landau gauge QCD,” Phys. Rev. Lett. 93, 152002
(2004) doi:10.1103/PhysRevLett.93.152002 [hep-th/0312324].
[51] V. N. Gribov, “Quantization of nonabelian gauge theories,” Nucl. Phys. B 139, 1 (1978) doi:10.1016/0550-3213(78)90175-
X; D. Zwanziger, “Nonperturbative Faddeev-Popov formula and infrared limit of QCD,” Phys. Rev. D 69, 016002 (2004)
doi:10.1103/PhysRevD.69.016002 [hep-ph/0303028].
[52] A. K. Cyrol, M. Q. Huber and L. von Smekal, “A DysonSchwinger study of the four-gluon vertex,” Eur. Phys. J. C 75,
102 (2015) doi:10.1140/epjc/s10052-015-3312-1 [arXiv:1408.5409 [hep-ph]].
[53] F. J. Llanes-Estrada and R. Williams, “Two infrared Yang-Mills solutions in stochastic quantization and in an effective
action formalism,” Phys. Rev. D 86, 065034 (2012) doi:10.1103/PhysRevD.86.065034 [arXiv:1207.5950 [hep-th]].
[54] P. Watson and H. Reinhardt, “The Coulomb gauge ghost Dyson-Schwinger equation,” Phys. Rev. D 82, 125010 (2010)
doi:10.1103/PhysRevD.82.125010 [arXiv:1007.2583 [hep-th]].
[55] J. Rodr´ıguez-Quintero, “A brief comment on the similarities of the IR solutions for the ghost propagator DSE in Landau
and Coulomb gauges,” Phys. Rev. D 83, 097501 (2011) doi:10.1103/PhysRevD.83.097501 [arXiv:1103.0924 [hep-ph]].
[56] A. L. Kataev and V. S. Molokoedov, “Fourth-order QCD renormalization group quantities in the V scheme
and the relation of the β function to the Gell-MannLow function in QED,” Phys. Rev. D 92, 054008 (2015)
doi:10.1103/PhysRevD.92.054008 [arXiv:1507.03547 [hep-ph]].
[57] E. Gardi, G. Grunberg and M. Karliner, “Can the QCD running coupling have a causal analyticity structure?,” JHEP
9807 (1998) 007 [arXiv:hep-ph/9806462].
[58] G. Cveticˇ and I. Kondrashuk, “Explicit solutions for effective four- and five-loop QCD running coupling,” JHEP 1112,
019 (2011) doi:10.1007/JHEP12(2011)019 [arXiv:1110.2545 [hep-ph]].
[59] B. A. Magradze, “The gluon propagator in analytic perturbation theory,” arXiv:hep-ph/9808247; “A novel series solution
to the renormalization group equation in QCD,” Few Body Syst. 40 (2006) 71 [arXiv:hep-ph/0512374].
[60] D. R. T. Jones, “More on the axial anomaly in supersymmetric Yang-Mills theory,” Phys. Lett. 123B, 45 (1983).
doi:10.1016/0370-2693(83)90955-3
[61] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “Exact Gell-Mann-Low function of supersymmetric
Yang-Mills theories from instanton calculus,” Nucl. Phys. B 229, 381 (1983). doi:10.1016/0550-3213(83)90338-3
[62] A. L. Kataev and K. V. Stepanyantz, “NSVZ scheme with the higher derivative regularization for N = 1 SQED,” Nucl.
Phys. B 875 (2013) 459 doi:10.1016/j.nuclphysb.2013.07.010 [arXiv:1305.7094 [hep-th]]; S. S. Aleshin, I. O. Goriachuk,
A. L. Kataev and K. V. Stepanyantz, “The NSVZ scheme for N = 1 SQED with Nf flavors, regularized by the di-
mensional reduction, in the three-loop approximation,” Phys. Lett. B 764 (2017) 222 doi:10.1016/j.physletb.2016.11.041
[arXiv:1610.08034 [hep-th]].
[63] P. A. Baikov, K. G. Chetyrkin and J. H. Ku¨hn, “Five-Loop Running of the QCD coupling constant,” arXiv:1606.08659
[hep-ph].
[64] T. van Ritbergen, J. A. M. Vermaseren and S. A. Larin, “The Four loop beta function in quantum chromodynamics,”
Phys. Lett. B 400, 379 (1997) doi:10.1016/S0370-2693(97)00370-5 [hep-ph/9701390].
40
[65] K. G. Chetyrkin, B. A. Kniehl and M. Steinhauser, “Strong coupling constant with flavour thresholds at four loops in
the MSbar scheme,” Phys. Rev. Lett. 79, 2184 (1997) [arXiv:hep-ph/9706430].
[66] G. Cveticˇ and R. Ko¨gerler, “Scale- and scheme-independent extension of Pade´ approximants: Bjorken polarized sum rule
as an example,” Phys. Rev. D 63 (2001) 056013 [arXiv:hep-ph/0006098].
[67] Y. Schro¨der and M. Steinhauser, “Four-loop decoupling relations for the strong coupling,” JHEP 0601, 051 (2006)
doi:10.1088/1126-6708/2006/01/051 [hep-ph/0512058].
[68] D. V. Shirkov and I. L. Solovtsov, “Analytic QCD running coupling with finite IR behaviour and universal α¯s(0) value,”
JINR Rapid Commun. 2[76], 5-10 (1996), hep-ph/9604363; “Analytic model for the QCD running coupling with universal
alpha(s)-bar(0) value,” Phys. Rev. Lett. 79, 1209 (1997) doi:10.1103/PhysRevLett.79.1209 [hep-ph/9704333].
[69] K. A. Milton and I. L. Solovtsov, “Analytic perturbation theory in QCD and Schwinger’s connection between the beta
function and the spectral density,” Phys. Rev. D 55, 5295 (1997) [hep-ph/9611438].
[70] D. V. Shirkov, “Analytic perturbation theory for QCD observables,” Theor. Math. Phys. 127, 409 (2001) [hep-
ph/0012283]; “Analytic perturbation theory in analyzing some QCD observables,” Eur. Phys. J. C 22, 331 (2001)
[hep-ph/0107282].
[71] A. I. Karanikas and N. G. Stefanis, “Analyticity and power corrections in hard scattering hadronic functions,”
Phys. Lett. B 504, 225 (2001) Erratum: [Phys. Lett. B 636, 330 (2006)] doi:10.1016/S0370-2693(01)00297-0,
10.1016/j.physletb.2006.04.008 [hep-ph/0101031].
[72] A. P. Bakulev, S. V. Mikhailov and N. G. Stefanis, “QCD analytic perturbation theory: From integer pow-
ers to any power of the running coupling,” Phys. Rev. D 72, 074014 (2005) [Phys. Rev. D 72, 119908 (2005)]
doi:10.1103/PhysRevD.72.074014, 10.1103/PhysRevD.72.119908 [hep-ph/0506311]; “Fractional Analytic Perturbation
Theory in Minkowski space and application to Higgs boson decay into a b anti-b pair,” Phys. Rev. D 75, 056005
(2007) Erratum: [Phys. Rev. D 77, 079901 (2008)] doi:10.1103/PhysRevD.75.056005, 10.1103/PhysRevD.77.079901 [hep-
ph/0607040]; “Higher-order QCD perturbation theory in different schemes: From FOPT to CIPT to FAPT,” JHEP 1006,
085 (2010) doi:10.1007/JHEP06(2010)085 [arXiv:1004.4125 [hep-ph]].
[73] G. M. Prosperi, M. Raciti and C. Simolo, “On the running coupling constant in QCD,” Prog. Part. Nucl. Phys. 58, 387
(2007) doi:10.1016/j.ppnp.2006.09.001 [hep-ph/0607209].
[74] D. V. Shirkov and I. L. Solovtsov, “Ten years of the analytic perturbation theory in QCD,” Theor. Math. Phys. 150, 132
(2007) doi:10.1007/s11232-007-0010-7 [hep-ph/0611229].
[75] A. P. Bakulev, “Global Fractional Analytic Perturbation Theory in QCD with Selected Applications,” Phys. Part. Nucl.
40, 715 (2009) doi:10.1134/S1063779609050050 [arXiv:0805.0829 [hep-ph]] (arXiv preprint in Russian).
[76] N. G. Stefanis, “Taming Landau singularities in QCD perturbation theory: The Analytic approach,” Phys. Part. Nucl.
44, 494 (2013) [Phys. Part. Nucl. 44, 494 (2013)] doi:10.1134/S1063779613030155 [arXiv:0902.4805 [hep-ph]].
[77] K. A. Milton, I. L. Solovtsov and O. P. Solovtsova, “The Bjorken sum rule in the analytic approach to pertur-
bative QCD,” Phys. Lett. B 439, 421 (1998) doi:10.1016/S0370-2693(98)01053-3 [hep-ph/9809510]; R. S. Pasechnik,
D. V. Shirkov, O. V. Teryaev, O. P. Solovtsova and V. L. Khandramai, “Nucleon spin structure and pQCD frontier on
the move,” Phys. Rev. D 81, 016010 (2010) doi:10.1103/PhysRevD.81.016010 [arXiv:0911.3297 [hep-ph]]; R. S. Pasech-
nik, J. Soffer and O. V. Teryaev, “Nucleon spin structure at low momentum transfers,” Phys. Rev. D 82, 076007
(2010) doi:10.1103/PhysRevD.82.076007 [arXiv:1009.3355 [hep-ph]]; V. L. Khandramai, R. S. Pasechnik, D. V. Shirkov,
O. P. Solovtsova and O. V. Teryaev, “Four-loop QCD analysis of the Bjorken sum rule vs data,” Phys. Lett. B 706, 340
(2012) doi:10.1016/j.physletb.2011.11.023 [arXiv:1106.6352 [hep-ph]].
[78] G. Cveticˇ, A. Y. Illarionov, B. A. Kniehl and A. V. Kotikov, “Small-x behavior of the structure function F2
and its slope ∂ lnF2/∂ ln(1/x) for ’frozen’ and analytic strong-coupling constants,” Phys. Lett. B 679, 350 (2009)
doi:10.1016/j.physletb.2009.07.057 [arXiv:0906.1925 [hep-ph]]; A. V. Kotikov, V. G. Krivokhizhin and B. G. Shaikhatde-
nov, “Analytic and ’frozen’ QCD coupling constants up to NNLO from DIS data,” Phys. Atom. Nucl. 75, 507 (2012)
doi:10.1134/S1063778812020135 [arXiv:1008.0545 [hep-ph]]; C. Ayala and S. V. Mikhailov, “How to perform a QCD
analysis of DIS in analytic perturbation theory,” Phys. Rev. D 92, 014028 (2015) doi:10.1103/PhysRevD.92.014028
[arXiv:1503.00541 [hep-ph]]; A. V. Sidorov and O. P. Solovtsova, “The QCD analysis of xF3 structure function based
on the analytic approach,” Nonlin. Phenom. Complex Syst. 16, 397 (2013) [arXiv:1312.3082 [hep-ph]]; “The QCD anal-
ysis of the combined set for the F3 structure function data based on the analytic approach,” Mod. Phys. Lett. A 29,
no. 36, 1450194 (2014) doi:10.1142/S0217732314501946 [arXiv:1407.6858 [hep-ph]]; “QCD analysis of the F3 structure
function based on inverse Mellin transform in analytic perturbation theory,” Phys. Part. Nucl. Lett. 14, no. 1, 1 (2017)
doi:10.1134/S154747711701023X; “Non-singlet Q2-evolution and the analytic approach to Quantum Chromodynamics,”
Nonlin. Phenom. Complex Syst. 18, 222 (2015).
[79] P. Allendes, C. Ayala and G. Cveticˇ, “Gluon Propagator in Fractional Analytic Perturbation Theory,” Phys. Rev. D 89,
054016 (2014) doi:10.1103/PhysRevD.89.054016 [arXiv:1401.1192 [hep-ph]].
[80] A. V. Nesterenko and J. Papavassiliou, “The massive analytic invariant charge in QCD,” Phys. Rev. D 71, 016009 (2005)
doi:10.1103/PhysRevD.71.016009 [hep-ph/0410406].
[81] B. R. Webber, “QCD power corrections from a simple model for the running coupling,” JHEP 9810, 012 (1998)
doi:10.1088/1126-6708/1998/10/012 [hep-ph/9805484].
[82] P. Boucaud, F. De Soto, A. Le Yaouanc, J. P. Leroy, J. Micheli, H. Moutarde, O. Pene and J. Rodr´ıguez-Quintero,
“The strong coupling constant at small momentum as an instanton detector,” JHEP 0304, 005 (2003) doi:10.1088/1126-
6708/2003/04/005 [hep-ph/0212192]; P. Boucaud, F. De Soto, A. Le Yaouanc, J. P. Leroy, J. Micheli, O. Pene and
J. Rodr´ıguez-Quintero, “Modified instanton profile effects from lattice Green functions,” Phys. Rev. D 70, 114503 (2004)
doi:10.1103/PhysRevD.70.114503 [hep-ph/0312332].
41
[83] A. I. Alekseev and B. A. Arbuzov, “An invariant charge model for all q2 > 0 in QCD and gluon condensate,” Mod. Phys.
Lett. A 20, 103 (2005) doi:10.1142/S0217732305016439 [hep-ph/0411339]; A. I. Alekseev, “Analytic invariant charge in
QCD with suppression of nonperturbative contributions at large Q2,” Theor. Math. Phys. 145, 1559 (2005) [Teor. Mat.
Fiz. 145, 221 (2005)] doi:10.1007/s11232-005-0183-x; “Synthetic running coupling of QCD,” Few Body Syst. 40, 57 (2006)
doi:10.1007/s00601-006-0154-2 [hep-ph/0503242].
[84] G. Cveticˇ and C. Valenzuela, “An approach for evaluation of observables in analytic versions of QCD,” J. Phys. G
32, L27 (2006) doi:10.1088/0954-3899/32/6/L01 [hep-ph/0601050]; “Various versions of analytic QCD and skeleton-
motivated evaluation of observables,” Phys. Rev. D 74, 114030 (2006) Erratum: [Phys. Rev. D 84, 019902 (2011)]
doi:10.1103/PhysRevD.74.114030, 10.1103/PhysRevD.84.019902 [hep-ph/0608256].
[85] C. Contreras, G. Cveticˇ, O. Espinosa and H. E. Mart´ınez, “Simple analytic QCD model with perturbative QCD behavior
at high momenta,” Phys. Rev. D 82, 074005 (2010) doi:10.1103/PhysRevD.82.074005 [arXiv:1006.5050 [hep-ph]].
[86] C. Ayala, C. Contreras and G. Cveticˇ, “Extended analytic QCD model with perturbative QCD behavior at high momenta,”
Phys. Rev. D 85, 114043 (2012) doi:10.1103/PhysRevD.85.114043 [arXiv:1203.6897 [hep-ph]].
[87] G. Cveticˇ and C. Villavicencio, “Operator Product Expansion with analytic QCD in tau decay physics,” Phys. Rev. D
86, 116001 (2012) doi:10.1103/PhysRevD.86.116001 [arXiv:1209.2953 [hep-ph]].
[88] C. Ayala and G. Cveticˇ, “Calculation of binding energies and masses of quarkonia in analytic QCD models,” Phys. Rev.
D 87, 054008 (2013) doi:10.1103/PhysRevD.87.054008 [arXiv:1210.6117 [hep-ph]].
[89] S. J. Brodsky, G. F. de Teramond and A. Deur, “Nonperturbative QCD coupling and its β-function from Light-Front
Holography,” Phys. Rev. D 81, 096010 (2010) doi:10.1103/PhysRevD.81.096010 [arXiv:1002.3948 [hep-ph]]; T. Gutsche,
V. E. Lyubovitskij, I. Schmidt and A. Vega, “Dilaton in a soft-wall holographic approach to mesons and baryons,” Phys.
Rev. D 85, 076003 (2012) doi:10.1103/PhysRevD.85.076003 [arXiv:1108.0346 [hep-ph]].
[90] B. A. Arbuzov and I. V. Zaitsev, “Elimination of the Landau pole in QCD with the spontaneously generated anomalous
three-gluon interaction,” arXiv:1303.0622 [hep-th].
[91] D. V. Shirkov, “’Massive’ Perturbative QCD, regular in the IR limit,” Phys. Part. Nucl. Lett. 10, 186 (2013)
doi:10.1134/S1547477113030138 [arXiv:1208.2103 [hep-th]].
[92] A. V. Kotikov, V. G. Krivokhizhin and B. G. Shaikhatdenov, “Analytic and ’frozen’ QCD coupling constants up to NNLO
from DIS data,” Phys. Atom. Nucl. 75, 507 (2012) doi:10.1134/S1063778812020135 [arXiv:1008.0545 [hep-ph]].
[93] E. G. S. Luna, A. L. dos Santos and A. A. Natale, “QCD effective charge and the structure function F2 at small-x,” Phys.
Lett. B 698, 52 (2011) doi:10.1016/j.physletb.2011.02.057 [arXiv:1012.4443 [hep-ph]]; D. A. Fagundes, E. G. S. Luna,
M. J. Menon and A. A. Natale, “Aspects of a Dynamical Gluon Mass Approach to elastic hadron scattering at LHC,” Nucl.
Phys. A 886, 48 (2012) doi:10.1016/j.nuclphysa.2012.05.002 [arXiv:1112.4680 [hep-ph]]; C. A. S. Bahia, M. Broilo and
E. G. S. Luna, “Energy-dependent dipole form factor in a QCD-inspired model,” J. Phys. Conf. Ser. 706, 052006 (2016)
doi:10.1088/1742-6596/706/5/052006 [arXiv:1508.07359 [hep-ph]]; “Nonperturbative QCD effects in forward scattering
at the LHC,” Phys. Rev. D 92, 074039 (2015) doi:10.1103/PhysRevD.92.074039 [arXiv:1510.00727 [hep-ph]].
[94] A. V. Nesterenko, “Quark antiquark potential in the analytic approach to QCD,” Phys. Rev. D 62, 094028 (2000)
doi:10.1103/PhysRevD.62.094028 [hep-ph/9912351]; “New analytic running coupling in spacelike and timelike regions,”
Phys. Rev. D 64, 116009 (2001) doi:10.1103/PhysRevD.64.116009 [hep-ph/0102124]; “Analytic invariant charge in QCD,”
Int. J. Mod. Phys. A 18, 5475 (2003) doi:10.1142/S0217751X0301704X [hep-ph/0308288]; A. C. Aguilar, A. V. Nesterenko
and J. Papavassiliou, “Infrared enhanced analytic coupling and chiral symmetry breaking in QCD,” J. Phys. G 31, 997
(2005) doi:10.1088/0954-3899/31/9/002 [hep-ph/0504195].
[95] A. Athenodorou, P. Boucaud, F. De Soto, J. Rodr´ıguez-Quintero and S. Zafeiropoulos, “Gluon Green functions free of
quantum fluctuations,” Phys. Lett. B 760, 354 (2016) doi:10.1016/j.physletb.2016.07.007 [arXiv:1604.08887 [hep-ph]];
A. Athenodorou, D. Binosi, P. Boucaud, F. De Soto, J. Papavassiliou, J. Rodr´ıguez-Quintero and S. Zafeiropoulos,
“On the zero crossing of the three-gluon vertex,” Phys. Lett. B 761, 444 (2016) doi:10.1016/j.physletb.2016.08.065
[arXiv:1607.01278 [hep-ph]]; P. Boucaud, F. De Soto, J. Rodr´ıguez-Quintero and S. Zafeiropoulos, “Refining the detection
of the zero crossing for the symmetric and asymmetric three-gluon vertices,” arXiv:1701.07390 [hep-lat].
[96] G. Cveticˇ and C. Valenzuela, “Analytic QCD: a short review,” Braz. J. Phys. 38, 371 (2008) [arXiv:0804.0872 [hep-ph]].
[97] A. Deur, S. J. Brodsky and G. F. de Teramond, “The QCD running coupling,” Prog. Part. Nucl. Phys. 90, 1 (2016)
doi:10.1016/j.ppnp.2016.04.003 [arXiv:1604.08082 [hep-ph]].
[98] A. V. Nesterenko and C. Simolo, “QCDMAPT: Program package for Analytic approach to QCD,” Comput. Phys.
Commun. 181, 1769 (2010) doi:10.1016/j.cpc.2010.06.040 [arXiv:1001.0901 [hep-ph]]; “QCDMAPTF : Fortran version
of QCDMAPT package,” Comput. Phys. Commun. 182, 2303 (2011) doi:10.1016/j.cpc.2011.05.020 [arXiv:1107.1045
[hep-ph]]. A. P. Bakulev and V. L. Khandramai, “FAPT: a Mathematica package for calculations in QCD Fractional An-
alytic Perturbation Theory,” Comput. Phys. Commun. 184, 183 (2013) doi:10.1016/j.cpc.2012.08.014 [arXiv:1204.2679
[hep-ph]].
[99] C. Ayala and G. Cveticˇ, “anQCD: a Mathematica package for calculations in general analytic QCD models,” Com-
put. Phys. Commun. 190, 182 (2015) doi:10.1016/j.cpc.2014.12.024 [arXiv:1408.6868 [hep-ph]]; “anQCD: Fortran pro-
grams for couplings at complex momenta in various analytic QCD models,” Comput. Phys. Commun. 199, 114 (2016)
doi:10.1016/j.cpc.2015.10.004 [arXiv:1506.07201 [hep-ph]].
[100] G.A. Baker and P. Graves-Morris, Pade´ Approximants, Encyclopedia of Mathematics and its Applications, Cambridge
Univ. Press 1996. Section 5.4, Theorem 5.4.2.
[101] S. Peris, “Large-Nc QCD and Pade´ approximant theory,” Phys. Rev. D 74, 054013 (2006)
doi:10.1103/PhysRevD.74.054013 [hep-ph/0603190].
[102] S. Schael et al. [ALEPH Collaboration], “Branching ratios and spectral functions of tau decays: final ALEPH mea-
42
surements and physics implications,” Phys. Rept. 421, 191 (2005) doi:10.1016/j.physrep.2005.06.007 [hep-ex/0506072];
M. Davier, A. Ho¨cker and Z. Zhang, “The Physics of hadronic tau decays,” Rev. Mod. Phys. 78, 1043 (2006)
doi:10.1103/RevModPhys.78.1043 [hep-ph/0507078].
[103] M. Davier, S. Descotes-Genon, A. Ho¨cker, B. Malaescu and Z. Zhang, “The Determination of αs from τ decays revisited,”
Eur. Phys. J. C 56, 305 (2008) doi:10.1140/epjc/s10052-008-0666-7 [arXiv:0803.0979 [hep-ph]].
[104] E. Braaten and C. S. Li, “Electroweak radiative corrections to the semihadronic decay rate of the tau lepton,” Phys. Rev.
D 42, 3888 (1990). doi:10.1103/PhysRevD.42.3888
[105] E. Braaten, “QCD Predictions for the decay of the tau lepton,” Phys. Rev. Lett. 60, 1606 (1988)
doi:10.1103/PhysRevLett.60.1606; E. Braaten, S. Narison, and A. Pich, “QCD analysis of the tau hadronic width,”
Nucl. Phys. B 373, 581 (1992) doi:10.1016/0550-3213(92)90267-F.
[106] S. Narison and A. Pich, “QCD formulation of the tau decay and determination of ΛMS,” Phys. Lett. B 211, 183 (1988)
doi:10.1016/0370-2693(88)90830-1; A. Pich and J. Prades, “Perturbative quark mass corrections to the tau hadronic
width,” JHEP 9806, 013 (1998) doi:10.1088/1126-6708/1998/06/013 [hep-ph/9804462].
[107] K. G. Chetyrkin, A. L. Kataev and F. V. Tkachov, “Higher order corrections to σT (e
+e− → Hadrons) in Quantum Chro-
modynamics,” Phys. Lett. B 85, 277 (1979) doi:10.1016/0370-2693(79)90596-3; M. Dine and J. R. Sapirstein, “Higher
order QCD corrections in e+e− annihilation,” Phys. Rev. Lett. 43, 668 (1979) doi:10.1103/PhysRevLett.43.668; W. Cel-
master and R. J. Gonsalves, “An analytic calculation of higher order Quantum Chromodynamic corrections in e+e−
annihilation,” Phys. Rev. Lett. 44, 560 (1980) doi:10.1103/PhysRevLett.44.560.
[108] S. G. Gorishnii, A. L. Kataev and S. A. Larin, “The O(α3s) corrections to σtot(e+e− → hadrons) and Γ(τ− → ντ+hadrons)
in QCD,” Phys. Lett. B 259, 144 (1991) doi:10.1016/0370-2693(91)90149-K; L. R. Surguladze and M. A. Samuel, “Total
hadronic cross-section in e+e− annihilation at the four loop level of perturbative QCD,” Phys. Rev. Lett. 66, 560 (1991)
Erratum: [Phys. Rev. Lett. 66, 2416 (1991)] doi:10.1103/PhysRevLett.66.560.
[109] P. A. Baikov, K. G. Chetyrkin and J. H. Ku¨hn, “Order α4s QCD Corrections to Z and τ Decays,” Phys. Rev. Lett. 101,
012002 (2008) doi:10.1103/PhysRevLett.101.012002 [arXiv:0801.1821 [hep-ph]].
[110] G. Cveticˇ and A. V. Kotikov, “Analogs of Noninteger Powers in General Analytic QCD,” J. Phys. G 39, 065005 (2012)
doi:10.1088/0954-3899/39/6/065005 [arXiv:1106.4275 [hep-ph]].
[111] G. Cveticˇ, “Renormalization scale invariant continuation of truncated QCD (QED) series: an analysis beyond large-β0
approximation,” Nucl. Phys. B 517, 506 (1998) doi:10.1016/S0550-3213(98)00112-6 [hep-ph/9711406]; “Improvement of
the method of diagonal Pade´ approximants for perturbative series in gauge theories,” Phys. Rev. D 57, R3209 (1998)
doi:10.1103/PhysRevD.57.R3209 [hep-ph/9711487].
[112] G. Cveticˇ and R. Ko¨gerler, “Towards a physical expansion in perturbative gauge theories by using improved Baker-Gammel
approximants,” Nucl. Phys. B 522, 396 (1998) doi:10.1016/S0550-3213(98)00230-2 [hep-ph/9802248].
[113] E. Gardi, “Why Pade´ approximants reduce the renormalization scale dependence in QFT?,” Phys. Rev. D 56, 68 (1997)
doi:10.1103/PhysRevD.56.68 [hep-ph/9611453].
[114] M. Neubert, “Scale setting in QCD and the momentum flow in Feynman diagrams,” Phys. Rev. D 51, 5924 (1995)
doi:10.1103/PhysRevD.51.5924 [hep-ph/9412265].
[115] G. Abbas, B. Ananthanarayan and I. Caprini, “Determination of αs(M
2
τ ) from Improved Fixed Order Perturba-
tion Theory,” Phys. Rev. D 85, 094018 (2012) doi:10.1103/PhysRevD.85.094018 [arXiv:1202.2672 [hep-ph]]; G. Ab-
bas, B. Ananthanarayan, I. Caprini and J. Fischer, “Perturbative expansion of the QCD Adler function improved by
renormalization-group summation and analytic continuation in the Borel plane,” Phys. Rev. D 87, no. 1, 014008 (2013)
doi:10.1103/PhysRevD.87.014008 [arXiv:1211.4316 [hep-ph]].
[116] M. Beneke and M. Jamin, “αs and the τ hadronic width: fixed-order, contour-improved and higher-order perturbation
theory,” JHEP 0809, 044 (2008) doi:10.1088/1126-6708/2008/09/044 [arXiv:0806.3156 [hep-ph]]; M. Beneke, D. Boito
and M. Jamin, “Perturbative expansion of τ hadronic spectral function moments and αs extractions,” JHEP 1301, 125
(2013) doi:10.1007/JHEP01(2013)125 [arXiv:1210.8038 [hep-ph]].
[117] A. Sternbeck, private communication.
[118] B. V. Geshkenbein, B. L. Ioffe and K. N. Zyablyuk, “The check of QCD based on the tau-decay data analysis in the
complex q2-plane,” Phys. Rev. D 64, 093009 (2001) [arXiv:hep-ph/0104048].
[119] B. L. Ioffe, “QCD at low energies,” Prog. Part. Nucl. Phys. 56, 232 (2006) [arXiv:hep-ph/0502148].
[120] D. Boito, O. Cata, M. Golterman, M. Jamin, K. Maltman, J. Osborne and S. Peris, “A new determination of αs from
hadronic τ decays,” Phys. Rev. D 84, 113006 (2011) doi:10.1103/PhysRevD.84.113006 [arXiv:1110.1127 [hep-ph]].
[121] K. Ackerstaff et al. [OPAL Collaboration], “Measurement of the strong coupling constant αs and the vector and
axial vector spectral functions in hadronic tau decays,” Eur. Phys. J. C 7, 571 (1999) doi:10.1007/s100520050430,
10.1007/s100529901061 [hep-ex/9808019].
[122] D. Boito, M. Golterman, M. Jamin, A. Mahdavi, K. Maltman, J. Osborne and S. Peris, “An updated determination of
αs from τ decays,” Phys. Rev. D 85, 093015 (2012) doi:10.1103/PhysRevD.85.093015 [arXiv:1203.3146 [hep-ph]].
[123] We are grateful to S. Peris for providing us with the measured spectral functions and covariance matrices of OPAL
Collaboration; these data are the update, made by the authors of Ref. [122], of the OPAL data, based on the older OPAL
data given to them by S. Menke.
[124] D. Boito, M. Golterman, M. Jamin, K. Maltman and S. Peris, “Low-energy constants and condensates from the τ hadronic
spectral functions,” Phys. Rev. D 87, no. 9, 094008 (2013) doi:10.1103/PhysRevD.87.094008 [arXiv:1212.4471 [hep-ph]].
[125] M. Davier, A. Ho¨cker, B. Malaescu, C. Z. Yuan and Z. Zhang, “Update of the ALEPH non-strange spectral functions
from hadronic τ decays,” Eur. Phys. J. C 74, no. 3, 2803 (2014) doi:10.1140/epjc/s10052-014-2803-9 [arXiv:1312.1501
[hep-ex]].
43
[126] The measured data of ALEPH Collaboration, with covariance matrix corrections described in Ref. [125], are available on
the following web page: http://aleph.web.lal.in2p3.fr/tau/specfun13.html
[127] M. Beneke, “Renormalons,” Phys. Rept. 317, 1 (1999) doi:10.1016/S0370-1573(98)00130-6 [hep-ph/9807443].
[128] D. J. Gross and F. Wilczek, “Asymptotically free gauge theories. 2.,” Phys. Rev. D 9, 980 (1974)
doi:10.1103/PhysRevD.9.980.
[129] M. Gell-Mann, R. J. Oakes and B. Renner, “Behavior of current divergences under SU(3) x SU(3),” Phys. Rev. 175, 2195
(1968). doi:10.1103/PhysRev.175.2195
[130] G. Cveticˇ and T. Lee, “Bilocal expansion of Borel amplitude and hadronic tau decay width,” Phys. Rev. D 64, 014030
(2001) doi:10.1103/PhysRevD.64.014030 [hep-ph/0101297].
[131] D. Boito, M. Golterman, K. Maltman, J. Osborne and S. Peris, “Strong coupling from the revised ALEPH data for
hadronic τ decays,” Phys. Rev. D 91, no. 3, 034003 (2015) doi:10.1103/PhysRevD.91.034003 [arXiv:1410.3528 [hep-ph]].
[132] D. Boito, M. Golterman, K. Maltman and S. Peris, “αs in 2016 from the (revised) ALEPH data for τ decay,”
arXiv:1612.01777 [hep-ph].
[133] A. Pich and A. Rodr´ıguez-Sa´nchez, “Determination of the QCD coupling from ALEPH τ decay data,” Phys. Rev. D 94,
no. 3, 034027 (2016) doi:10.1103/PhysRevD.94.034027 [arXiv:1605.06830 [hep-ph]].
[134] A. Pich and A. Rodr´ıguez-Sa´nchez, “Updated determination of αs(m
2
τ ) from tau decays,” Mod. Phys. Lett. A 31,
no. 30, 1630032 (2016) doi:10.1142/S0217732316300329 [arXiv:1606.07764 [hep-ph]]; “Precision physics with QCD,”
arXiv:1612.05010 [hep-ph].
[135] S. Eidelman, F. Jegerlehner, A. L. Kataev and O. Veretin, “Testing nonperturbative strong interaction effects via the
Adler function,” Phys. Lett. B 454, 369 (1999) doi:10.1016/S0370-2693(99)00389-5 [hep-ph/9812521]; A. L. Kataev,
“Adler function from Re+e−(s) measurements: Experiments versus QCD theory,” hep-ph/9906534; F. Jegerlehner,
“The Running fine structure constant α(E) via the Adler function,” Nucl. Phys. Proc. Suppl. 181-182, 135 (2008)
doi:10.1016/j.nuclphysbps.2008.09.010 [arXiv:0807.4206 [hep-ph]].
[136] L. N. Lipatov, “Small x physics in perturbative QCD,” Phys. Rept. 286 (1997) 131 doi:10.1016/S0370-1573(96)00045-2
[hep-ph/9610276].
[137] P. Allendes, B. Kniehl, I. Kondrashuk, E. A. N. Cuello and M. R. Medar, “Solution to Bethe-Salpeter equation via
Mellin-Barnes transform,” Nucl. Phys. B 870 (2013) 243 doi:10.1016/j.nuclphysb.2013.01.012 [arXiv:1205.6257 [hep-th]].
[138] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “QCD and resonance physics: Sum Rules,” Nucl. Phys. B 147, 385
(1979); “QCD and resonance physics: applications,” Nucl. Phys. B 147, 448 (1979).
[139] C. A. Dominguez, L. A. Hernandez and K. Schilcher, “Determination of the gluon condensate from data in the charm-
quark region,” JHEP 1507, 110 (2015) doi:10.1007/JHEP07(2015)110 [arXiv:1411.4500 [hep-ph]].
[140] S. Narison, “Gluon condensates and mc,b from QCD-moments and their ratios to order α
3
s and 〈G4〉,” Phys. Lett. B
706, 412 (2012) [arXiv:1105.2922 [hep-ph]]; “Gluon condensates and mb(mb) from QCD-exponential moments at higher
orders,” Phys. Lett. B 707, 259 (2012) [arXiv:1105.5070 [hep-ph]].
[141] G. S. Bali, C. Bauer and A. Pineda, “Perturbative expansion of the plaquette to O(α35) in four-dimensional SU(3) gauge
theory,” Phys. Rev. D 89, 054505 (2014) doi:10.1103/PhysRevD.89.054505 [arXiv:1401.7999 [hep-ph]].
[142] G. S. Bali, C. Bauer and A. Pineda, “Model-independent determination of the gluon condensate in four-dimensional SU(3)
gauge theory,” Phys. Rev. Lett. 113, 092001 (2014) doi:10.1103/PhysRevLett.113.092001 [arXiv:1403.6477 [hep-ph]].
[143] C. A. Dominguez, L. A. Hernandez, K. Schilcher and H. Spiesberger, JHEP 1503, 053 (2015)
doi:10.1007/JHEP03(2015)053 [arXiv:1410.3779 [hep-ph]].
[144] A. L. Kataev, A. V. Kotikov, G. Parente and A. V. Sidorov, “Next to next-to-leading order QCD analysis of the
revised CCFR data for xF3 structure function and the higher twist contributions,” Phys. Lett. B 417 (1998) 374
doi:10.1016/S0370-2693(97)01239-2 [hep-ph/9706534]; A. L. Kataev, G. Parente and A. V. Sidorov, “Improved fits to
the xF3 CCFR data at the next-to-next-to-leading order and beyond,” Phys. Part. Nucl. 34 (2003) 20 [Fiz. Elem. Chast.
Atom. Yadra 34 (2003) 43] Erratum: [Phys. Part. Nucl. 38 (2007) 827] doi:10.1134/S1063779607060068 [hep-ph/0106221];
“N3LO fits to xF3 data: αs vs 1/Q
2 contributions,” Nucl. Phys. Proc. Suppl. 116 (2003) 105 doi:10.1016/S0920-
5632(03)80152-4 [hep-ph/0211151].
[145] S. J. Brodsky and R. Shrock, “Condensates in Quantum Chromodynamics and the Cosmological Constant,” Proc. Nat.
Acad. Sci. 108, 45 (2011) doi:10.1073/pnas.1010113107 [arXiv:0905.1151 [hep-th]].
[146] R.P. Feynman, Photon-hadron interactions, Benjamin, Reading, MA, 1972, 282 pp.
[147] A.I. Akhiezer, V.B. Berestetsky, Quantum electrodynamics, Interscience, New York, 1965, 868 pp.
